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The Multidisciplinary Center for Earthquake Engineering Research (MCEER) is a national
center of excellence in advanced technology applications that is dedicated to the reduction
of earthquake losses nationwide. Headquartered at the University at Buffalo, State Univer-
sity of New York, the Center was originally established by the National Science Foundation
in 1986, as the National Center for Earthquake Engineering Research (NCEER).
Comprising a consortium of researchers from numerous disciplines and institutions
throughout the United States, the Center’s mission is to reduce earthquake losses through
research and the application of advanced technologies that improve engineering, pre-
earthquake planning and post-earthquake recovery strategies. Toward this end, the Center
coordinates a nationwide program of multidisciplinary team research, education and
outreach activities.
MCEER’s research is conducted under the sponsorship of two major federal agencies: the
National Science Foundation (NSF) and the Federal Highway Administration (FHWA),
and the State of New York. Significant support is derived from the Federal Emergency
Management Agency (FEMA), other state governments, academic institutions, foreign
governments and private industry.
MCEER’s NSF-sponsored research objectives are twofold: to increase resilience by devel-
oping seismic evaluation and rehabilitation strategies for the post-disaster facilities and
systems (hospitals, electrical and water lifelines, and bridges and highways) that society
expects to be operational following an earthquake; and to further enhance resilience by
developing improved emergency management capabilities to ensure an effective response
and recovery following the earthquake (see the figure below).
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Through Applications of Advanced Technologies
iv
A cross-program activity focuses on the establishment of an effective experimental and
analytical network to facilitate the exchange of  information between researchers located
in various institutions across the country. These are complemented by, and integrated with,
other MCEER activities in education, outreach, technology transfer, and industry partner-
ships.
This report presents an analytical study of the structural fuse concept, which is a system that is
designed to concentrate seismic damage in easy-to-replace devices, in this case metallic dampers, to
allow the primary structure to remain elastic. A comprehensive parametric study was conducted to
investigate the range of validity of this concept, and identify combinations of key parameters essential
to ensure adequate performance under seismic conditions.  Nonlinear time history analyses were
conducted to identify viable combinations of parameters. These were used to provide guidelines for
several types of metallic dampers, including Buckling-restrained Braces (BRBs), Triangular Added
Damping and Stiffness (TADAS), and Shear Panels (SP) for use in design and retrofit.  As part of
this research, floor demand velocities and accelerations were investigated to assess the applicability
of the structural fuse concept to nonstructural components. A companion study provides the




Passive energy dissipation (PED) devices are useful to enhance structural performance by
reducing seismically induced structural damage.  Metallic dampers are one such PED.
When they are designed such that all damage is concentrated on the PED devices,
allowing the primary structure to remain elastic, they can be defined as structural fuses
(SF).  A comprehensive parametric study was conducted to investigate the SF concept,
and to identify combinations of key parameters essential to ensure adequate seismic
performance for SF systems.  Non-linear time history analyses were conducted for several
combinations of parameters, chosen to cover a range of feasible designs.  Viable
combinations of parameters are identified and used to provide guidelines to design and
retrofit systems using Buckling-restrained Braces (BRBs), Triangular Added Damping
and Stiffness (T-ADAS), and Shear Panels (SP) as examples of metallic dampers working
as structural fuses.  Studies focus on the application of the structural fuse concept to
single-degree-of-freedom (SDOF) and multi-degree-of-freedom (MDOF) systems.  As
part of this research, floor demands velocities and accelerations are also investigated,
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Passive energy dissipation (PED) devices have been implemented in recent years to
enhance structural performance by reducing seismically induced structural damage (and,
indirectly to some extent, non-structural damage).  Soong and Spencer (2002) reported
that, in the last 16 years, more than one hundred buildings in North America have been
either retrofitted or built using PED devices.  In the meantime, Japan has employed these
structural protective systems in hundreds of buildings.
PED metallic dampers (a.k.a. hysteretic dampers) dissipate energy via inelastic
deformations.  Since their response is not sensitive to the frequency of loading, they are
also called rate-independent dampers, or displacement-dependent dampers.  The amount
of damping they provide is somewhat proportional to the magnitude of their inelastic
deformations.  Although they also increase the stiffness of the primary structure to some
degree, the possible increase in input energy due to the added stiffness is dissipated as
part of the total hysteretic behavior of properly designed  dampers, resulting in a net
reduction on the response of the structural system in terms of lateral displacements,
compared to response of the system without dampers.  Accelerations and lateral forces are
either increased or reduced depending on the ground motion and system features.
Metallic dampers are defined here to be structural fuses when they are designed such that
all damage is concentrated on the PED devices, allowing the primary structure to remain
elastic.  Many benefices ensue from the structural fuse concept.  For instance, following a
damaging earthquake only the dampers would need to be replaced (hence the “fuse”
analogy), making repair works easier and more expedient, without the need to shore the
2
building in the process.  Furthermore, in that instance, self-recentering capabilities of the
structure is possible in that, once the ductile fuse devices are removed, the elastic
structure returns to its original position.
Many aspects regarding the structural fuse concept are considered in this study, which
consists of seven sections briefly described as follows.
Section 2 presents a literature review of the state-of-the-art of the structural fuse concept. 
Some previous studies in this field are presented not only as structural fuses, but also as
damage controlled or damage tolerant systems, and PED devices.
The structural fuse concept is described in Section 3 in a parametric formulation,
considering the behavior of nonlinear single degree of freedom (SDOF) systems subjected
to ground motions.  Results are presented in dimensionless charts, that show as shaded
areas the regions of admissible solutions that satisfy the structural fuse concept.  Effects
of earthquake duration and stiffness ratio are also investigated.
Section 4 uses the results from the dimensionless charts to analyze the response of actual
systems either designed or retrofitted with various types of metallic dampers working as
structural fuses.  A general design procedure is provided, and some examples of
application are presented for new construction designs, and for retrofitting of existing
structures.
The floor demands of SDOF systems designed or retrofitted with metallic structural fuses
are studied in Section 5.  Floor velocity and acceleration are obtained and comparisons
are made between the floor response of bare frames and the floor response of systems
with metallic fuses.  Furthermore, velocity and acceleration spectra are developed from
the floor time history responses to assess how the behavior of nonstructural components
may be influenced by the use of metallic fuses.
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In Section 6 the use of viscous dampers acting in parallel with metallic dampers is
analyzed as an alternative to reduce floor demands in terms of acceleration.  Parametric
analyses are conducted and hysteretic damping and spectral acceleration results are
presented for short, intermediate, and long period structures.  Furthermore, response is
also investigated in the frequency domain, and resulting inertial force, viscous damper
force, and hysteretic damper force are plotted on Argand diagrams to explain trends in
behavior for these systems.
Results from Sections 3 and 4 are used in Section 7 to extend the structural fuse concept
to multi degree of freedom systems.  The design and retrofit procedures listed in
Section 4 are modified to be applicable to multi story buildings.  Examples are presented






There have been important advances during the last decades in the knowledge and
application of concepts that approach the structural fuse concept presented here, or that
used the definition of structural fuse in a somewhat different manner.  Some of the
relevant research on this topic is presented in this section.  Section 2.2 describes different
criteria proposed by others to define structural fuse concepts and achieve damage-
controlled or damage-tolerant structures.  Descriptions of the metallic energy dissipation
devices used in this study are then presented in Section 2.3, with emphasis on the seismic
behavior of systems designed or retrofitted using Buckling-Restrained Brace (BRB),
Triangular Added Damping and Stiffness (T-ADAS), Shear Panel (SP), and Friction
Dampers (FD) working as elements engaged to protect the main structure.
2.2. Structural Fuse Concept
About seventy years ago seismic effects on buildings started to be modeled as static loads
calculated as percentages of the structure weight and applied horizontally on the structure. 
Later, as a consequence of the better understanding of structural seismic response brought
upon by the development of structural dynamic concepts and observations following
earthquakes, the need to rely on ductile design to ensure satisfactory response was
recognized, and expressed by the inelastic design approach.  In this procedure the seismic
loads are reduced by a response modification factor, R, which is related to the structure’s
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ability to undergo inelastic deformations and dissipate energy through hysteretic behavior. 
However, this methodology relies on the ability of the structural elements to
accommodate inelastic deformations, without compromising the stability of the structure. 
Furthermore, inelastic behavior translates into some level of damage on these elements,
and permanent system deformations following an earthquake, leading to high cost for
repair works, in the cases when repairs are possible.  In fact, it is frequently the case
following earthquakes that damage is so large that repairs are not viable, even though the
structure has not collapsed, and the building must be demolished.
To achieve stringent seismic performance objective for buildings, an alternative design
approach is desirable. In that perspective,  it would be attractive to concentrate damage on
disposable and easy to repair structural elements (i.e., “structural fuse”), while the main
structure would be designed to remain elastic (or sustain only minor inelastic
deformations).  The term “structural fuse” and “ductile fuse” have been used in the past,
but often in slightly different contexts, as described below.
Roeder and Popov (1977) introduced the eccentrically braced frame concept to increase
the hysteretic energy capacity, strength, and stiffness of steel frames.  The segment of the
beam yielding in shear due to action of the eccentrically connected braces was called a
link as well as a “ductile fuse” by Roeder and Popov, because of its energy dissipation
capability.  While this system has a good seismic behavior, combining the stiffness of a
braced structure with the energy dissipation of a moment-resistant frame, the link is a
segment of the beam and cannot be considered a disposable element, because repairs
required following an earthquake can be significant.  Beyond issues related to link
replacement, note that the large plastic deformations of the link can also damage the floor
slab or other elements.
Fintel and Ghosh (1981) used the term “structural fuse” in a capacity design concept
where beams were intentionally designed as weaker members that yield by plastic
hinging, to protect columns and walls considered more crucial for the structure and
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expected to remain elastic under seismic loads.  The weaker elements were called
“structural fuses.”  However, as in the work done by Roeder and Popov (1977), these
beams cannot be considered to be disposable elements.
Note that many other researchers have used the term “structural fuse” in the same
perspective (e.g., Aristizabal-Ochoa, 1986, Basha and Goel, 1996, Carter and Iwankiw,
1998, Sugiyama, 1998, and Rezai et al. 2000, to name a few). 
The concept of “damage-controlled” structures or “damage-tolerant” structures was
proposed by Wada et al. (1992).  This design approach has two separate components. 
One is the main structure (composed of beams and columns) designed to resist only
gravity loads, and the other part consists of passive energy dissipation elements designed
to resist the loads resulting from strong ground motions, as shown in Figure 2.1 (Wada et
al. 1992).  This concept has been continuously developed and further improved following
the 1994 Northridge (USA) and 1995 Hyogoken-Nanbu (Japan) earthquakes (e.g.,
Connor et al. 1997, Shimizu et al. 1998, Wada and Huang, 1999, Huang et al. 2002). 
Because of the high cost encountered to repair conventionally designed structures
damaged by these earthquakes, the idea of using disposable and easy to replace elements
to dissipate energy became attractive.  Figure 2.2, from Connor et al. (1997),
schematically shows the relation between repair cost and earthquake intensity for
conventional and damage-controlled structures.  Damage-controlled structures were
deemed more efficient (in terms of cost reduction) for larger earthquakes.
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Figure 2.1.  Damage-Tolerant Structure: (a) Total Structure; (b) Gravity Support
Structure (to remain elastic); (c) Seismic-Resistant Structure (to behave elastic-plastic)
(Wada et al., 1992)
Figure 2.2.  Repair Cost versus Earthquake Intensity (Connor et al., 1997)
9
Note that Wada et al. (1992) concluded that by using high strength steel for the main
structure, and steel with low yield strength and high ductility for hysteretic dampers, a
significant separation could be obtained between story drifts corresponding to the yield
deformations of the devices and of the main structure.  An example 40-story building
designed using buckling-restrained braces as the damage-tolerant elements was presented. 
A sub frame model corresponding to a part of this building was experimentally studied,
and corroborated the advantage of using the combination of high and low strength steels. 
It is worthwhile to mention that this building was designed intending that the main
structure would remain elastic during earthquakes, and able to continue working once the
damaged plastic dampers are replaced.
An approach based on balance of energy has been implemented by Wada and Huang
(1995) to preliminarily design tall building structures, having either hysteretic dampers or
viscous dampers.  However, focus of the study was not to assess adequacy of the
structural fuse concept, but rather to use such buildings as case studies to validate the
energy balance approach, as well as a proposed flexural-shear beam model for the
dynamic response analysis.  It was observed in these tall buildings case studies that beams
and columns remained elastic, and the whole seismic energy was dissipated by dampers.
A comprehensive study of damage-controlled structures in Japan was presented by Wada
et al. (2000).  This paper presents some research works done before on the development
of the damage-controlled structure concept, and its potential to design new constructions
and to retrofit existing structures.  Some modifications to the flexural-shear beam model
were also presented, as well as a dynamic analysis method for three-dimensional frames
with elements used to achieve the damage-controlled structure concept.  As part of this
study, a series of moment resisting frames with and without buckling-restrained braces
working as structural fuses were tested.  These experiments contributed to validate the
concept of damage-controlled structures, in the sense that the buckling-restrained braces
served to absorbe large amounts of energy through hysteretic behavior, and to protect
beams and columns from yielding.  Actual projects of application of the structural fuse
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concept in tall buildings were also presented, along with the observation that the  number
of structures in Japan designed based on the damage-controlled concept was increasing.
In the above studies by Wada et al. (1992 and 1995), as well as in some other case studies
(e.g., Shimizu et al. 1998), the main structure was designed to remain elastic, with
damage concentrated in disposable elements.  However, these design examples focused
on tall buildings (i.e., structures with height greater than 100 m, and elastic period longer
than 4 s).  As a result, these flexible systems are subjected to smaller seismic loads than
corresponding stiffer structures, and the structural fuses are used to reduce lateral
displacements already subject to limited ductility demands in absence of the fuse.  The
amount of energy dissipated through inelastic behavior was reported to depend on the
structural fuses relative contribution to resist lateral forces.
Structural fuse, damage-controlled, and damage tolerant concepts have been also
implemented with the primary purpose of reducing the level of yielding in the main
system.  For example, Sugiyama (1998) presented a case study corresponding to a 26-
story building (98m height) provided with Steel Slit Dampers (SSD).  These metallic
dampers were designed to reduce the fundamental period of the building from 2.46s to
1.85s in the weak direction, thus simultaneously reducing lateral displacements.  As
observed in Figure 2.3 (Sugiyama, 1998), the frame response (in terms of energy
dissipated) was reduced, but not eliminated.
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Figure 2.3.  Energy Response to the El Centro earthquake scaled to peak ground velocity
of 50 cm/s) (Sugiyama, 1998)
Friction dampers (Section 2.3.4) have also been proposed to serve as structural fuses,
although never defined as such in the existing literature.  Filiatrault and Cherry (1989)
were the first to propose a design procedure for such systems.  More recently, an
equivalent linearization method was proposed by Fu and Cherry (2000) to design friction-
damped structures.  A trilinear pushover curve was used to model the seismic mechanism
of SDOF friction-damped systems.  Parametric analyses were performed, and the results
led to the formulation of closed-form solutions to define the force modification factor for
friction-damped structures.  A six-story building was designed as an example of the
proposed procedure, and the results were validated through nonlinear time history
analyses.  It was found that the seismic behavior of friction-damped systems depends
basically on the damper slip force, the frame yield displacement, and the stiffness of the
damping system.  For design purposes, the authors recommended to have a damping
system stiffness 4 to 10 times bigger than the frame stiffness, a response modification
factor between 4 and 8, and a frame ductility between 1 to 1.5.  However, in all cases,
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nonlinear inelastic time history analyses are needed to verify that the resulting designs
perform as intended.
In summary, the structural fuse concept has not been consistently defined in the past.  In
some cases, “fuses” have been defined as elements with well defined plastic yielding
locations, but not truly replaceable as a fuse; in other cases, they were defined and used
more in the context of reducing inelastic deformations of the existing frame (damage
control).  In a few cases, for high rise buildings having long structural periods (i.e.,
T > 4 s), fuses were used to achieve elastic response of frames that would otherwise
develop limited inelastic deformations.  Design procedures were also developed for
systems with friction dampers intended to act as structural fuses, but these required
design validation by nonlinear time history analyses.  In that perspective, knowledge on
how to achieve and implement a structural fuse concept that would limit damage to
disposable structural elements for any general structure, and without the need for complex
analyses is lacking.  This would require identification of the key parameters that govern
the behavior of systems having such structural fuses, and formulation of a general design
approach that would make the concept broadly applicable, including for low rise
buildings (e.g., single-degree-of-freedom systems).  Furthermore, the research reported
above did not investigate the impact of introducing structural fuses on resulting floor
accelerations and velocities (which has an impact on seismic performance of non-
structural components and building contents).
2.3. Metallic Energy Dissipation Devices
The subsequent sections describe previous works conducted to characterize the behavior
of BRB, T-ADAS, SP, and FD systems working as metallic hysteretic dampers.  A brief
discussion of the most relevant studies that have served to support this current
investigation is presented, focusing mainly on experimental investigations that have
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corroborated the inherent capacity of these elements to protect structural systems from the
action of strong ground motions.
2.3.1. Buckling-Restrained Brace (BRB)
This type of metallic device was initially developed in Japan by Nippon Steel Corporation
in the mid-1980s with the name of unbonded braces (UBs).  In North-America, UBs have
also been called Buckling-Restrained Braces (BRBs), because they are essentially braces
capable of yielding under compression loads, without braces buckling.
A BRB consists of a central core, usually of rectangular or cruciform cross sectional
shape, surrounded by a tube having a global buckling strength greater than that required
to axially yield the core.  The space between the core and the tube is filled with mortar,
and the core is covered with an unbonding material in order to keep it isolated and able to
deform freely in the axial direction, i.e., to avoid transmission of loads between the core
and mortar.  The material used to de-bond the core from the mortar should be thin enough
to avoid local buckling of the core, and yet thick enough to accommodate lateral
expansion of the core due to Poisson’s effects.  Figure 2.4, from Sabelli et al. (2003),
shows the components of a typical BRB and some detailed configurations.
Figure 2.4.  Some Schematic Details used for Buckling Restrained Braces
(Sabelli et al., 2003)
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Investigations on BRBs have been extensively conducted in Japan over the last 15 years. 
Watanabe et al. (1988) presented a summary of some of the early development of BRBs. 
The system has been well received by japanese designers after the 1995 Kobe Earthquake. 
Other relevant developments in Japan have been presented by Saeki et al. (1996), which
makes a comparison between analytical studies and experimental results.  BRB behavior
was modeled by finite elements considering material and geometric non-linearities (Saeki
et al., 1996).  Good agreement was found between the analytical and experimental results,
although some minor discrepancies were noticed.  Some of them were attributed to
Bauschinger’s effect, and local fracture of the mortar, which were not considered in the
model.
An important experimental study (Iwata et al. 2000) evaluated the performance of BRBs
used as hysteretic dampers.  Four BRB specimens were designed having different
buckling-restraining methods, and were tested to study the influence of these different
restraining approaches on cyclic inelastic behavior.  It was found that BRBs having the
core completely restrained by grout and unbonding material had a more stable hysteretic
behavior than those with cores not continuously restrained.
In North-America, BRBs have also been studied and implemented since the late 1990's. 
Aiken et al. (1999) presented a comprehensive study of BRBs in the United States
context, and a design case-study for a multi-story steel structure having BRBs working as
hysteretic dampers, although the proposed design method considered them as yielding
braces.  A series of test on large-scale models were also conducted using large inelastic
cycles of loading, and to simulate near field loading history.  Details on the first building
application of BRBs in the United States (the University of California at Davis Plant and
Environmental Sciences project) was also presented.  It was found that BRBs are able to
sustain stable cycles of hysteretic behavior even under large levels of displacements. 
Furthermore, experiments showed that these elements have high resistance to fracture,
even after severe loads, while their force-displacement behavior is still stable.
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Sabelli et al. (2003) analytically studied the seismic applications of BRB members. 
Implementation of BRBs was found to be an effective way to overcome the problems
associated with concentrically braced special frames.  Further research was recommended
to thoroughly assess the characteristics and capacity of BRB, including experimental
work to study bending and shear forces acting on actual BRBs and connections.
2.3.2. Triangular Added Damping and Stiffness (T-ADAS)
The T-ADAS damper is composed of triangular plates which when subjected to flexure
achieve uniform yielding over their entire height to dissipate seismic energy (a variation,
the ADAS damper, instead uses X-shape plate elements).  The plates in T-ADAS
dampers are bent in singular curvature because they are connected to a device support
system through vertically slotted holes that prevent application of moments to the plates
at that location (for comparison, double triangular plates in double curvature are used in
the ADAS system).  According to Tsai et al (1993), this pinned connection also avoids
the transmission of vertical loads associated with gravity loads to the plates.  Therefore,
the plates are not susceptible to instabilities caused by P-D effects.  Furthermore, the
device support system does not need to provide flexural resistance because it only resists
the shear force applied at the tip of the cantilever plates.  Figure 2.5, from Tsai et al.
(1993), shows a detailed configuration of a T-ADAS system, and the details of the pinned
connection.
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A design procedure for T-ADAS systems was proposed by Tsai et al. (1993).  It was
experimentally shown that T-ADAS systems can sustain a large number of yielding
cycles without stiffness or strength degradation.  Tsai et al. (1993) described the
mechanical properties of the T-ADAS devices, and compared their analytical
characteristics with experimental results obtained from pseudo-dynamic tests of two-story
T-ADAS frame.  In this study, the design procedure was based on the stiffness ratio (i.e.,
the ratio of the damping system and the bare frame stiffnesses), and the strength ratio of
the dampers (i.e., the ratio of the total system strength corresponding to the frame yield
deformation and the strength corresponding to the T-ADAS yield deformation).  It was
also found that the plastic rotational capacity of a T-ADAS system could exceed
0.25 radians.  For a frame having a T-ADAS height equal to 10% of the story height
(h/H = 0.10), this rotational capacity corresponds to a story drift of 2.5%, which is
Figure 2.5.  Details of Steel Welded T-ADAS Device (Tsai et al., 1993)
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sufficient to accommodate displacements less than the allowable story drift generally
arecommended by design codes (i.e., D  = 0.02 H).
Dargush and Soong (1995) developed a nonlinear macroscopic model to describe the
behavior of metallic plate dampers.  These analytic formulations were compared with
experimental results obtained previously by others.  The proposed mathematical model is
able to predict the experimentally observed stiffening of T-ADAS at large levels of
displacements.  Dargush and Soong also recommended more exhaustive experimental
works, as well as development of three-dimensional finite element models to eliminate
some of their assumptions and obtain more precise results.
Tena-Colunga (1997) also presented a mathematical model of the ADAS systems which
accounts for the variation of cross-sectional area through flexibility methods.  A
comparison was made between the proposed model and the method used by Whittaker et
al. (1989), which uses a simple procedure to define the load-deflection behavior
considering the plates as rigidly connected at the ends, with perfect double curvature
deformation.  Analytical results were also compared with some experimental data.  The
proposed method was found useful to preliminary design and retrofit structures using
ADAS systems, even though some small discrepancies were found between experimental
and analytical results.  These divergences in the results were attributed to the fact that, in
actual systems, is almost impossible to obtain a perfectly fixed connection of the plates at
the bottom flange of the beam.  Additionally, the effects of axial forces (associated with
gravity loads) on the general behavior were found to be difficult to account for in the
proposed mathematical model.
2.3.3. Shear Panel (SP)
The shear panel, like the T-ADAS, is a yielding metallic device mounted on a device
support system and connected to the bottom flange of a frame beam.  The SP damper
itself is a plate placed in a vertical plane oriented with the frame in such a way that plate
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shear yielding is the mode of energy dissipation.  Figures 2.6 and 2.7, from Nakashima
(1995a) show a SP configuration used in a prototype building, and a detailed specimen
tested as part of the investigation.
Figure 2.6.  Prototype Building Including Shear Panels with Low-Yield Steel
(Nakashima, 1995a)
Figure 2.7.  Shear Panels Details and Dimensions of Test Specimens
(Nakashima, 1995b)
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Many studies, conducted mainly in Japan, investigated the seismic performance of
structures having SP dampers.  Nakashima (1995b) investigated the hysteretic behavior of
SPs made of low-yield steel.  Two models were proposed in this study.  One relies on a
multi-surface model to simulate the hysteretic behavior, and the other consists of a
simpler model based on bilinear behavior.  Both analytical models were found to be in
good agreement with experimental results of SP systems having variable loading
conditions and width-to-thickness ratio.  It was also found that the models were able to
accurately predict strain-hardening behavior and stiffness degradation of the dampers.
Miyama et al. (1996) used SP plates made of low-yield point steel.  Two parameters
useful to design SP systems were introduced as part of this work.  One is the stiffness
ratio of the SP systems with respect to the frame, and the other is the yield strength ratio
of the SP systems with respect to the design shear strength of the structure.  The stiffness
parameter is associated with the initial yield deformation, and the strength parameter is
associated with the absorbed energy.  This paper concluded that SP systems are able to
dissipate a significant amount of  hysteretic energy even after the panel buckles (i.e., post-
buckling capacity).
Application of SP systems to a 21-story building was presented by Tanaka et al. (1998). 
Panels of 400mm x 700mm x 6mm of low-yield steel were implemented using two types
of arrangements, called the pillar and the bracing type, respectively.  In the pillar type, the
support system is made of a tapered H-shaped section, while in the bracing type the
damping support system is provided by braces.  Capacity of both types of systems must
be checked to avoid premature failures of the damping support members before yielding
forces of the SP dampers are reached.  Figure 2.8, from Tanaka et al. (1998) shows
schematically these two configurations.  It was found that savings of about 5% on the
total amount of structural steel used resulted from implementation of SP dampers in the
building considered.  Systems designed with SP dampers were also alleged to be cheaper
to repair following earthquakes when compared to similar structures without dampers.
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Note that the terminology “shear panel” was used for an energy dissipation system in a
tall building designed by Shimizu et al. (1998).  However, it is not a shear panel of the
same type as the SP system considered above.  In this study, as shown in Figure 2.9 from
Shimizu et al. (1998), a triangular shaped T-sectional member was proposed to be
attached to column or beam ends, in order to use compact size and easy to replace
structural elements.  This damper configuration was found to be effective as an energy
absorption system under several hazard earthquake levels.  Figure 2.10, from Shimizu et
al. (1998), shows the finite element model at two stages of deformation, and a simplified
model built with beam, truss, and panel members.
                    (a)                                                              (b)
Figure 2.8.  Types of Seismic Control Members: (a) Pillar Type; (b)
Bracing Type (Tanaka et al., 1998)
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Figure 2.9.  Conventional Design and Proposed Design (Shimizu et al., 1998)
                      (a)                                                                                  (b)
Figure 2.10.  Shear Panel Models; (a) Equivalent Plastic Strain Distribution, 
(b) Simplified Model (Shimizu et al., 1998)
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Figure 2.11.  Limited Slip Bolt Joint (Pall et al., 1980)
2.3.4. Friction Dampers (FD)
In the previous sections some devices that dissipate energy through inelastic deformation
of metals have been examined.  Hysteretic behavior can also be achieved without material
yielding, by relying instead on friction mechanisms, recalling that friction is considered as
a force that opposes the relative movement between sliding bodies.  Work done by
friction acting during the relative motion between the surfaces in contact is equal to the
energy dissipated in the process.  Soong and Dargush (1997) categorized this type of
hysteretic behavior as solid friction.
Solid friction mechanism has been widely studied and applied to many engineering
processes.  However, the first implementation of friction devices in structural systems
was conducted by Pall et al. (1980), who developed passive frictional dampers based on
the principle of automotive brakes.  Pall et al. (1980) proposed the use of brake lining
pads between steel plates and developed the Limited Slip Bolted (LSB) joint to slow
down the motion of large panel structures (Figure 2.11).  The LSB joint designed from
brake lining pads was found to have a stable and consistent hysteretic response (Figure
2.12).  An alternative design was proposed by Pall and Marsh (1982) for implementation
of this type of device on X-braced frames.  Figure 2.13 shows the configuration of the
proposed design.
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Figure 2.12.  Hysteresis Loops of Limited Slip Bolted
Joints (Pall et al., 1980)
Figure 2.13.  X-braced Friction Damper (Pall and
Marsh, 1982)
Another configuration suited for concentrically braced frames is the Slotted Bolted
Connection (SBC), developed by FitzGerald et al. (1989), and shown in Figure 2.14.
According to this figure, the SBC consists of a gusset plate bolted to a pair of channels
oriented back to back.  It may be noted that two deformation states are possible, namely:
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Figure 2.14.  Slotted Bolted Connection (FitzGerald et al.,
1989)
Figure 2.15.  Slotted Bolted Connection; (a) Free Body Diagrams, (b) Typical Load
Deformation Diagrams (FitzGerald et al., 1989)
state 1, where the gusset plate slides between the channels; and state 2, where both
channels slides between the gusset plate and the cover plates.  Figure 2.15 shows the free
body diagrams corresponding to both deformation states.  Note that when the gap
between the gusset plate and the bolts closes the friction force doubles its value, which is
corroborated by the test shown in Figure 2.15.  It was found that this sudden increase in
the friction force acts as a stabilization mechanism against the accumulative lateral
displacement in one direction.
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Figure 2.16.  Friction Damping Device (Filiatrault and Cherry, 1989)
However, braces in the SBC developed by FitzGerald et al. (1989) must be designed to
resist the compressive forces transmitted by the sliding joints, which may not be
economic.  Filiatrault and Cherry (1989, 1990) proposed a SBC with slender members
(i.e., tension only braces) and horizontal and vertical links, as shown in Figure 2.16. 
When slippage in tension occurs, the links rotate, forming a rhomboid shape and
stretching the buckled brace, which activates this brace to immediately absorb tension
loads when the cycle is reversed.  Figure 2.17 shows one cycle of loading of a simple one-
story friction damped frame.  Filiatrault and Cherry (1989) also performed a parametric
study of the optimum slip-load distribution for the FD, along with a sensitivity analysis to
identify the parameters that exert more influence on the behavior.  Results of analytical
and experimental works led to the elaboration of design slip-load spectra, as part of a
simplified procedure to evaluate the optimum slip-load distribution for single and multi-
story buildings.  This research represents the first known attempt to establish a simplified
approach to optimally design friction-damped structures.  Further research was
recommended to assess the long-term reliability of the FD to determine whether periodic
maintenance is required for the systems.
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Figure 2.17.  Hysteretic Behavior of Simple Friction-Damped Braced Frame during One
Cycle of Loading (Filiatrault and Cherry, 1990)
The Energy Dissipating Restraint (EDR) manufactured by Flour Daniel, Inc. is another
passive friction device used to enhance the seismic response of a structure.  According to
Nims et al. (1993), the EDR is a strongly self-centering passive FD having a wide range
of hysteretic behaviors.  General details of a typical EDR are depicted in Figure 2.18,
where it may be noted that the internal spring, the compression wedges, friction wedges,
stops, and gaps are the main components of the device.  These elements define the
hysteretic behavior of the EDR.  Figure 2.19 shows the general hysteresis loop that can be
developed by the EDR.  Two particular cases were extensively studied by Nims et al.
(1993), namely: the double flag-shaped hysteresis loop (Figure 2.20) which is obtained
with zero gaps and the spring initially preloaded; and the triangular-shaped hysteresis
loop (Figure 2.21) which is obtained with zero gaps and zero spring preloaded.  Note that
both systems have self-centering capabilities.  It was found that the EDR may be
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Figure 2.18.  External and Internal views of Energy Dissipating Restraint (Nims et al.,
1993)
Figure 2.19.  Energy Dissipating Restraint
Complete Hysteresis Loop (Nims et al., 1993)
effectively used to reduce lateral displacements, without affecting significantly the
acceleration levels.
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Figure 2.20.  Analytical Double Flag-Shaped
Hysteresis Loop (Nims et al., 1993)
Figure 2.21.  Analytical Triangular-Shaped
Hysteresis Loop (Nims et al., 1993)
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An experimental and analytical investigation of structures retrofitted with supplemental
damping was conducted at University at Buffalo using viscoelastic, fluid viscous, friction,
and fluid viscous walls devices (Reinhorn et al., 1995; Li and Reinhorn, 1995; and
Reinhorn and Li, 1995).  In the second part of the study, two types of friction devices
(Tekton and Sumitomo friction dampers) were used to retrofit a 1:3 scale reinforced
concrete structure, which was damaged by prior severe (simulated) earthquakes.  In this
study it was observed that a substantial reduction of the seismically induced damage on
beams and columns can be achieved in properly retrofitted structures with friction
dampers.  Such reduction (between 80% and 90%) led to a significant decrease in the




PARAMETRIC STUDY AND SEISMIC RESPONSE OF SINGLE
DEGREE OF FREEDOM SYSTEMS WITH STRUCTURAL FUSES
3.1. Introduction
The structural fuse concept is described in this section in a parametric formulation,
considering the behavior of nonlinear single degree of freedom (SDOF) systems
subjected to synthetic ground motions.  Two and three dimensional graphs are examined
as possible ways to present results.  Finally, nonlinear dynamic response is presented in
dimensionless charts normalized with respect to key parameters.  Closed form solution
are also developed through regression analyses, as an alternative to the charts.
Allowable story drift is introduced as an upper bound limit to the charts, which produces
ranges of admissible solutions, shown as shaded areas in the graphs.  Earthquake duration
and stiffness ratio effects on short an long period structures are also discussed, in terms of
ductility demand, and hysteretic energy dissipated.
Finally, a generic retrofit case study is presented to illustrate the benefits of adding
metallic fuse elements to an existing frame.  A comparative analysis is made between a
bare frame (i.e., without metallic dampers), and the same frame retrofitted using metallic






3.2. Analytical Model of a SDOF System with Structural Fuses
Figure 3.1 depicts a single-story one-bay structure subjected to ground motion, whose
frame, device support system, and metallic damper are modeled as a lumped mass
connected to the ground by elasto-plastic springs, and the inherent system viscous
damping action is represented by a linear dashpot (Figure 3.1b).  The three-spring model
can be simplified, as well, to an equivalent one-spring model (Figure 3.1c) with lateral
stiffness, K1, equal to:
where Kf  and Ka are the lateral stiffness of the frame, and added damping system,
respectively.  The damping system consists of the device support system and damper
itself, whose equivalent added stiffness, Ka, becomes:
where Ks and Kd are the lateral stiffness of the device support system (which may be
optional, depending on whether the device requires to be attached to a support system),
and the damper, respectively.  It is worthwhile to mention that for device support system
much stiffer than dampers, the deformation of the device support system could be
ignored, without significant loss of accuracy, and (3.1) simplifies to:
Accordingly, the increased stiffness caused by the inclusion of metallic dampers reduces




Figure 3.1.  Model of a SDOF system with structural fuse; ( a ) One-bay single-story
structure, ( b ) Equivalent three-spring system, ( c ) Equivalent one-spring system
(3.6)
The structural fuse concept requires that yield deformation of the damping system, Δya, be
less than the yield deformation corresponding to the bare frame, Δyf.  Considering the
deformation of the device support system, the yield deformation of the added damping
system is equal to:
where Δyd is the damper yield deformation.  Figure 3.2 shows a general pushover curve
for a SDOF system with two elasto-plastic springs in parallel.  The total curve is tri-linear
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Figure 3.2.  General Pushover Curve
(3.7)
with the initial stiffness, K1, calculated using (3.1) and (3.2).  Once the damping system
reaches its yield deformation, Δya, the increment on the lateral force is resisted only by
the bare frame, being the second slope of the total curve equal to the frame stiffness, Kf. 
Two important parameters used in this study are obtained from Figure 3.2: the stiffness
ratio, α, and the maximum displacement ductility, μmax.
The stiffness ratio, α, is the relation between the frame stiffness and the total initial
stiffness, which can be calculated as:
with α being a dimensionless parameter less than one.
The maximum displacement ductility, μmax, is the ratio of the frame yield displacement,
Δyf, with respect to the yield displacement of the damping system, Δya.  In other words,
μmax is the maximum displacement ductility that the structure experiences before the





with μmax being greater than one.
In Figure 3.2, Vyf and Vyd are the base shear capacity of the bare frame and the damping
system, respectively; and Vy and Vp are the total system yield strength and base shear
capacity, respectively.  Furthermore, note that in Figure 3.2, the calculation of the post-
yielding stiffness, αK1, defines a relationship between α and μmax, equal to:
where Ωo is the overstrength factor, defined as:
Pushover curves for different values of α and μmax are presented in Figures 3.3a and 3.3b. 
In Figure 3.3a, horizontal and vertical axes are respectively normalized with respect to
the added device yield displacement, Δya, and strength of the system at that corresponding
displacement, Vy, as shown in Figure 3.2; while in Figure 3.3b the same axes are
respectively normalized with respect to the yield displacement of the frame, Δyf, and the
system total base shear capacity, Vp, as shown in Figure 3.2.  Figure 3.3b is preferred
because it shows the damping system and frame capacities as percentages of the total
base shear capacity.  This set of pushover curves is used in Section 3.4 for nonlinear
dynamic analyses.
36
μmax \ α 0.05 0.25 0.5
10
5




































































































0 2 4 6 8 10
Figure 3.3a.  Pushover Curves for the Studied Systems Nomalized by Vy, and Δya
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Figure 3.3b.  Pushover Curves for the Studied Systems Normalized by Vy, and Δya
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Figures 3.3a and 3.3b also show the frame and damping system contributions to the total
base shear capacity.  The frame contribution increases with increases in both α and μmax,
while the damping system contribution decreases with increases in α and μmax values. 
Note that the overstrength factor, Ωo, is proportional to the frame contribution to the total
base shear capacity.
Figure 3.4 shows the hysteresis loops corresponding to the total system capacity, with the
axes normalized with respect to the base shear capacity point (Δyf, Vp), as described
before in Figure 3.3b (but over a slightly extended range of α and μmax).  The area
enclosed by these loops corresponds to the hysteretic energy dissipated per cycle when
the system is subjected to an amplitude of motion equal to the frame yield displacement,
Δyf.  This dissipated energy decreases with increases in α, while the trend with respect to
μmax is not consistent.  For example, for α = 0.25, systems having μmax of 2 and 5 would
have the same enclosed area, with greater hysteretic energy values obtained for μmax
between these values.
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In linear dynamic analysis of SDOF systems, the equation of motion is commonly written
as:
where m, c, k, are the mass, damping coefficient, and linear spring stiffness of the system,
respectively, and üg(t) is the ground acceleration.  Solving (3.11) gives the system
response, expressed in terms of the relative displacement, , relative velocity, ,
and relative acceleration, .
For a nonlinear SDOF with hysteretic behavior, once the yield point is exceeded, the
spring force is no longer proportional to the relative displacement.  Mahin and Lin (1983)
proposed a normalized version of the non-linear dynamic equation of motion adapted as
shown below.  Considering the force in the inelastic spring as time-dependent,  R(t), and
substituting R(t) for ku(t) into (3.11), gives:
Introducing the natural circular frequency, , and damping ratio, ,
(3.12) can be written as:
Equation (3.13) can be transformed to express the system response in terms of
displacement ductility,  μ(t), of the added damping system, which is defined as:
where Δya is the yield displacement of the damping system, calculated using (3.6). 







Substituting (3.14), (3.15), and (3.16) into (3.13) gives the normalized equation of motion
used in this study:
where T is the elastic period of the structure, defined by (3.5), and ρ(t) is the ratio
between the force in the inelastic spring and the yield strength of the system, calculated
as:
and η is the strength-ratio determined as the relation between the yield strength and the
maximum ground force applied during the motion, defined as:
where ügmax is the peak ground acceleration.
For a specific ground motion, üg(t), (3.17) can be solved in terms of the above
parameters, assuming a damping ratio, ξ, of 0.05 in this study.  Note that the impact of
the stiffness ratio, α, (see (3.7)) on inelastic response is accounted for by the term defined
in (3.18).
3.4. Nonlinear Dynamic Response
A design response spectrum was constructed based on the National Earthquake Hazard
Reduction Program Recommended Provisions (NEHRP 2003) for Sherman Oaks,
California, and site soil-type class B.  This site was chosen because it corresponds to the
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location of the Demonstration Hospital used by the Multidisciplinary Center for
Earthquake Engineering Research (MCEER) in some of its projects.  Accordingly, the
design spectral accelerations for this site are SDS = 1.3 g, and SD1 = 0.58 g.  Using the
Target Acceleration Spectra Compatible Time Histories (TARSCTHS) code, by
Papageorgiou et al. (1999), spectra-compatible synthetic ground motions were generated
to match the NEHRP 2003 target design spectrum.
Three artificial accelerograms were created using the TARSCTHS code, and their
corresponding elastic response spectra for 5% of critical damping are shown in
Figure 3.5a, superposed on the NEHRP 2003 target design spectrum.  Furthermore,
Figure 3.5b shows the average of the response spectra, for the three synthetic records
which agrees well with the target design spectrum.  All synthetic strong motion records
generated were 15 seconds in duration.  The effect of longer duration records is



















Nonlinear time history analyses were conducted using the Structural Analysis Program,
SAP 2000, (Computers and Structures, Inc. 2000).  Analyses were performed for the
range of systems described in Figure 3.3, using the following parameters: α = 0.05, 0.25,
0.50; μmax = 10, 5, 2.5, 1.67; η = 0.2, 0.4, 0.6, 1.0; and T = 0.1 s, 0.25 s, 0.50 s, 1.0 s,
1.5 s, 2.0 s.  The combination of these parameters resulted in 288 analyses for each
ground motion generated (i.e., a total of 864 nonlinear time history analyses).
The response of the system is expressed in terms of the frame ductility, μf, and the global



















T s  = 0.45 
Figure 3.5b.  Average Elastic Response Spectrum for Synthetic Earthquakes (ξ = 5%)
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(3.22)
where umax is the maximum absolute displacement of the system, taken as the average of
the maximum absolute responses caused by each of the applied ground motion .
Response can be plotted in either two or tri-dimensional charts, depending on the
parameters and the relationships employed.  Some alternatives were considered, and two
of them are discussed in Sections 3.4.1 and 3.4.2.
3.4.1. Response plotted in tri-dimensional graphs
Substituting Δya = Vyd / Ka, and Δyf = Vyf / Kf (Figure 3.2) into (3.8), gives:
which represents a straight line oriented by the given proportionality constant, μmax, in a
nondimensional coordinates system with axes equal to Vyd / Vyf and Ka / Kf.  Keeping μmax
as a constant and varying the frame and damping system properties, Kf, Vyf, Ka and Vyd,
different points along the same straight line can be obtained.  Performing time history
analysis the equation of motion can be solved to obtain the maximum displacement
response, umax, corresponding to every point, which can be transformed into the frame
ductility, μf, using (3.20).  A representation of such results is possible in a 3-D space
having Vyd / Vyf and Ka / Kf as the horizontal axes, and the ductility demand, μf, as the
vertical axis.  A schematic representation of this 3-D plot is shown in Figure 3.6 for
specific values of η and μmax.
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(3.23)
As an alternative to present the same data, tri-dimensional non-linear response spectra
can be constructed recognizing that combining (3.4) and (3.5) gives:
which represents a straight line oriented by the given proportionality constant, α, in a
coordinates system with axes equal to Tf2 and T2.  As for the previous case, keeping α as a
constant and varying the frame and system initial periods, Tf and T, different points along
the same straight line can be obtained.  Once the equation of motion has been solved and
the maximum displacement response, umax, is transformed into the frame ductility, μf, for
every point, a new 3-D plot can be made having Tf2 and T2 as the horizontal axes and μf as
the vertical axis.   Like Figure 3.6, Figure 3.7 depicts the ductility response for specific






Figure 3.6.  Three-dimensional Representation of the
Response as a function of Vyd / Vyf, Ka / Kf, and μmax
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While Figures 3.6 and 3.7 show the variation of the ductility response, μf, with respect to
selected key parameters, a shortcoming is that they each are incomplete in some ways. 
Figure 3.6 does not account for the effect of α on the response, while the impact of μmax is
not accounted for in Figure 3.7.  In fact, both parameters are interdependent.  This has
been demonstrated in (3.9), which show the interdependence of α and μmax through Ωo
values.  Consequently, in Figure 3.6, results shown along the curve for a given μmax
correspond to cases with possibly different α values.  Similarly, in Figure 3.7, results
shown for a given α value do not necessarily have a constant value of μmax.  Therefore,
for the purpose of parametric analysis, a more appropriate presentation of results would
benefit from keeping α and μmax fixed on the same plot, as done in next section.
3.4.2. Response plotted in two-dimensional graphs
Two-dimensional graphs were selected to overcome the limitations encountered in the






Figure 3.7.  Three-dimensional Representation of the
Response as a function of T, Tf , and α
47
analyses conducted in terms of frame ductility, μf, and global ductility, μ, respectively, as
a function of the elastic period, T.  Every plot corresponds to a fixed set of α and μmax
values, while each curve represents a constant strength-ratio, η.  All the points having
μf < 1 in Figure 3.8 represent elastic behavior of the frame, while in Figure 3.9 these
points appear below the horizontal line corresponding to μmax (i.e., μ < μmax).  Note that in
systems with elastic behavior of the frame (i.e., μf < 1), the global ductility is entirely
provided by yielding of the metallic dampers (i.e., global ductility is equal to the ductility
of the metallic dampers).
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Figure 3.8.  Average Response in terms of Frame Ductility (μf)
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Figure 3.10.  Pushover curves for two structures having the same α, μmax,
η, and different periods (T)
As an example, two pushover curves having the same parameters (α, μmax, and η) but
different initial periods are presented in Figure 3.10.  As shown in this figure, Structure 2
is twice more flexible than Structure 1, with a period increased by:
which is T2 = 1.414T1 in this case.  The damping system yield displacement, Δya, and the
frame yield displacement, Δyf, for the two structures are also related by the same 2:1 ratio. 
 Although seismic response does not increase proportionally, because of nonlinear
behavior, a reduction of ductility demands (μf and μ) is expected for the structure having







While the charts shown in Figures 3.8 and 3.9 can be used directly to read ductility
demands as a function of other defined parameters, there may be instances where closed
form solutions are desirable, as for use in computer programs or in the formulation of
design  algorithms.  Such equations can be formulated from observation that the shape of
the response curves shown in Figures 3.8 and 3.9 suggests a power decay of the ductility
(μf and μ) with respect to the period.  Based on this pattern, and the data presented in
Figures 3.8 and 3.9 a regression analysis was performed to express the ductility as a
function of α, μmax, η, and T.  The following equations were obtained from the analysis:
where
Equations (3.25) and (3.26) have an average error of 12%, and can be used as an
alternative to the charts.  Figure 3.11 shows a comparison between the ductility demand,
μf, obtained by time history analyses and the same response obtained using (3.25).  Note
that the values calculated using (3.25) agree well with the actual ones, except when
T < 0.25 s, in which the equation tends to overestimate the response.  This overestimation
is caused by the fact that μf does not increase significantly over short periods.  However,
for preliminary design purposes, for short period structures (having T < 0.25 s) the
ductility demand corresponding to T = 0.25 s can be used without substantial loss of
accuracy.
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Figure 3.11.  Average Ductility Demand calculated using Equation (3.25)
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3.4.3. Allowable story drift
In some instances story drift (maximum relative displacement between consecutive
floors) may need to be controlled.  For example:
• Secondary effects (frequently called P-Δ effects) are directly related to story drift,
where lateral deformation causes additional bending on vertical members, and
instability problems may develop if the story drift exceeds tolerable levels (especially
in structures with high gravity loads).
• Some nonstructural elements, such as partitions, ceilings, enclosures, windows and
door frames are sensitive to lateral deformations.  Limiting story drift indirectly
allows to mitigate their damage.  Given that the main purpose of introducing
structural fuses in a structural system is to make easier and more expedient repair
following an earthquake, the use of drift limits (albeit arbitrary ones) is justified if the
purpose is to avoid or minimize damage on nonstructural components (unless the
nonstructural elements are designed to accommodate lateral displacement limits
larger than dictated by the other limit states).
• Metallic dampers typically undergo large deformations in the strain-hardening range
to dissipate energy through hysteretic behavior.  Maximum strain limits are usually
imposed to prevent their failure by low cycle fatigue.  For a given system geometry,
these strain limits translate into lateral displacement limits.
For illustration purposes here, the NEHRP 2003 provisions recommended story drift
limits can be used.  Taking into account the selected story drift limit, the range of
acceptable solutions that satisfy the structural fuse concept is defined on figures such as
Figures 3.8 and 3.9 by the following boundaries:
•  Maximum ductility (μf and μ):  To keep the primary structure elastic, the frame
ductility shall be less or equal to one (i.e., μf # 1.0).  Accordingly, the global ductility
shall be less than the maximum displacement ductility (i.e., μ # μmax).
• Allowable drift limit (umax / H):  To maintain the lateral displacement under a
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Figure 3.12.  Elastic Demand Spectrum (ξ = 5%) and different drift levels for
H = 3810mm
Figure 3.12 shows the NEHRP 2003 elastic demand spectrum with different story drift
levels for an arbitrary story height of 3810mm (hard conversion from 12.5 ft), which is
used as a numerical value in Section 4 to study the behavior of actual systems.  In
Figure 3.12, two regions are defined and delimited by the transition period at Ts = 0.45 s




In the constant velocity region (T > Ts), the equal displacement theory is considered.  In
other words, the maximum inelastic displacement for a given structure is assumed
approximately equal to the maximum displacement that would be obtained if the
structure behaved elastically.  In that region, a drift limit can be converted into a
corresponding period limit, TL, by the following relationship:
where d is the elastic displacement corresponding to the design drift limit.  For example,
for a drift limit of 2% and a story height of 3810 mm, the limit elastic displacement, d,  is
76 mm, and (3.30) gives a period limit of 0.53 s.  For most structures, the period limit
corresponding to a 2% drift limit will be greater than the transition period, Ts.  Figures
3.13 and 3.14 show by shaded areas the regions of admissible solutions for the structural
fuse concept in terms of frame ductility, μf, and global ductility, μ, respectively.  The
solid line corresponds to the upper bound period limit obtained once time history analysis
is performed to match the 2% drift limit.  The dashed vertical line represents the period
limit of 0.53 s, which can be used as a conservative value for practical purposes.
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Figure 3.13.  Regions of Admissible Solutions in terms of Average Frame Ductility (μf),
and Story Drift of 2%
57



























































































0 0.2 0.4 0.6 0.8 1
Figure 3.14.  Regions of Admissible Solutions in terms of Average Global Ductility (μ),







The equal energy theory is considered in the constant acceleration region (T < Ts). 
Unlike the constant velocity region, in this range, the maximum inelastic displacement
for a given structure is greater than its elastic one.  According to the NEHRP Guidelines
for the Seismic Rehabilitation of Buildings (FEMA 273 and FEMA 356), inelastic
displacement can be calculated from the spectral elastic displacement corrected by a
factor, as follows:
where R is the response modification coefficient, given by:
and where Cm is the effective mass factor taken as one for SDOF systems, and W is the
structure weight.  Using the parameters defined previously, (3.32) may be transformed to:
which can be simplified in the constant acceleration region to:
Substituting (3.34) into (3.31) gives:
which is a second order equation in terms of the elastic period limit, TL.  It may be noted
59
(3.36)
that for η $ 2.5 (i.e., R # 1) the response is elastic, with umax = d, and the corresponding
period limit is:
For example, for a drift limit of 1% and a story height of 3810 mm, the allowable
displacement is umax = 38 mm, and (3.36) gives a period limit of 0.34 s (and progressively
less as η decreases, as given by (3.35)).  Figures 3.15 and 3.16 show by shaded areas the
regions of possible solutions for the structural fuse concept in terms of frame ductility, μf,
and global ductility, μ, respectively.  As shown in the previous example, the solid line
corresponds to the upper bound period limit obtained once time history analysis is
performed to match the 1% drift limit.  The dashed line represents the period limit given
by (3.35), which can be used conservatively for practical purposes.  It may be noted that
the vertical portion of the dashed line corresponds to the elastic period limit of 0.34 s
calculated using (3.36).
Note that for large strength-ratio and period values (i.e., η > 0.6 and T > 1.0s) the
structure tends to behave elastically, which means that metallic dampers only provide
additional stiffness with no energy dissipation.  Elastic behavior of the metallic dampers
contradicts the objective of using PED devices, other than the benefit of reducing the
lateral displacements to below certain limits (something that could be done just as well
with conventional structural elements).
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Figure 3.15.  Regions of Admissible Solutions in terms of Frame Average Ductility (μf),
and Story Drift of 1%
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Figure 3.16.  Regions of Admissible Solutions in terms of Average Global Ductility (μ),
and Story Drift of 1%
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3.4.4.  Earthquake duration and stiffness ratio effects
To study the effects of earthquake duration on the above results for SDOF systems, 15 s
and 60 s long synthetic accelerograms were generated using the TARSCTHS code. 
Simultaneously, to analyze the possible effects of stiffness ratio, α, on the differences in
response obtained for different earthquake durations, time history analyses were
performed for α = 0.05, 0.25, 0.50, and 0.75; for this limited study μmax was arbitrarily
taken as 5.  For comparison purposes, short (T = 0.1 s) and long (T = 1.0 s) period
structures were studied.  η values of 0.8 and 0.2 were selected to have a frame ductility
close to one (μf . 1) for short and long period systems, respectively.
Table 3.1 summarizes the frame ductility, μf, as well as total and normalized energy
values obtained for earthquakes of 15 s and 60 s duration.  In this table minimum,
maximum and average frame ductility, μf, values are tabulated for short (T = 0.1 s) and
long (T = 1 s) period structures.  These tabulated results correspond to the set of three
synthetic earthquakes generated for each duration case studied.
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Table 3.1.  Frame Ductility, μf, and Hysteretic Energy
T = 0.1s η = 0.8 T = 1s η = 0.2




























0.75 0.48 0.53 0.51 0.54 0.62 0.57 0.82 0.86 0.84 0.58 0.83 0.70
0.50 0.50 0.52 0.51 0.57 0.60 0.59 0.74 0.86 0.81 0.52 0.84 0.69
0.25 0.52 0.56 0.55 0.63 0.67 0.65 0.72 0.83 0.78 0.60 0.89 0.75
0.05 0.77 0.79 0.78 0.85 1.06 0.93 0.85 1.05 0.95 0.79 1.20 1.05
Absolute Hysteretic Energy (103 kNAmm)
0.75 0.11 0.18 0.15 0.42 0.60 0.51 7.3 13.8 10.4 15.8 24.7 19.7
0.50 0.26 0.43 0.37 0.95 1.38 1.17 16.1 26.4 22.0 31.6 55.7 42.8
0.25 0.57 0.92 0.78 1.86 2.84 2.39 38.0 61.6 51.7 65.2 114.9 90.6
0.05 2.45 3.36 2.95 7.03 10.97 9.11 187.5 300.6 262.8 325.1 574.5 457.2
Hysteretic Energy Normalized with respect to mgΔya
0.75 3.3 5.5 4.7 13.0 18.6 15.8 0.7 1.3 1.0 1.5 2.4 1.9
0.50 5.4 8.9 7.7 19.5 28.4 24.2 1.0 1.7 1.4 2.1 3.6 2.8
0.25 7.4 12.0 10.1 24.2 36.8 30.9 1.2 2.0 1.7 2.1 3.7 2.9
0.05 9.3 12.8 11.3 26.8 41.8 34.7 1.2 2.0 1.7 2.1 3.7 3.0
Hysteretic Energy Normalized with respect to VyΔya
0.75 7.1 11.9 10.1 27.7 39.8 33.8 6.1 11.5 8.6 13.2 20.6 16.4
0.50 11.5 19.0 16.4 41.7 60.8 51.7 8.9 14.7 12.2 17.6 30.9 23.8
0.25 15.9 25.6 21.6 51.6 78.7 66.1 10.6 17.1 14.3 18.1 31.9 25.2
0.05 20.0 27.4 24.1 57.3 89.4 74.2 10.4 16.7 14.6 18.1 31.9 25.4
Hysteretic Energy Normalized with respect to VpΔya
0.75 1.8 3.0 2.5 6.9 10.0 8.5 1.5 2.9 2.2 3.3 5.2 4.1
0.50 3.8 6.3 5.5 13.9 20.3 17.2 3.0 4.9 4.1 5.9 10.3 7.9
0.25 7.9 12.8 10.8 25.8 39.4 33.1 5.3 8.5 7.2 9.0 16.0 12.6
0.05 16.6 22.8 20.1 47.7 74.5 61.8 8.7 13.9 12.2 15.0 26.6 21.2
Hysteretic Energy Normalized with respect to VydΔya
0.75 28.3 47.4 40.4 110.8 159.2 135.2 24.4 45.9 34.6 52.7 82.5 65.6
0.50 22.9 38.0 32.9 83.4 121.6 103.3 17.9 29.3 24.4 35.1 61.8 47.5
0.25 21.2 34.1 28.9 68.8 105.0 88.2 14.1 22.8 19.1 24.1 42.6 33.6
0.05 21.0 28.8 25.3 60.3 94.1 78.1 11.0 17.6 15.4 19.0 33.6 26.7
Hysteretic Energy Normalized with respect to one-cycle-area
0.75 1.8 3.0 2.5 6.9 10.0 8.5 1.5 2.9 2.2 3.3 5.2 4.1
0.50 1.4 2.4 2.1 5.2 7.6 6.5 1.1 1.8 1.5 2.2 3.9 3.0
0.25 1.3 2.1 1.8 4.3 6.6 5.5 0.9 1.4 1.2 1.5 2.7 2.1
0.05 1.3 1.8 1.6 3.8 5.9 4.9 0.7 1.1 1.0 1.2 2.1 1.7
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Comparing the effects of different earthquake durations for the case of T = 0.1 s, the
average ductility values vary between 13% and 19% (comparing columns (4) and (7) in
Table 3.1), while for the case of T = 1s the variation is between 5% and 20% (comparing
columns (10) and (13)).  The maximum ductility demand differences ranges from 16% to
33% (comparing columns (3) and (6)), and from 2% to 14% (comparing columns (9) and
(12)) for T = 0.1 s, and T = 1 s, respectively .  Note that these variations are not
significant considering the random characteristics of earthquake excitations.
The effects that the stiffness ratio, α, has on the response can be analyzed with respect to
the frame ductility, μf, and with respect to the energy dissipated by inelastic
deformations.  For 0.25 # α # 0.75 the average ductility demand does not change
substantially.  However, substantially larger values are obtained for α = 0.05.  Therefore,
systems with very low post-yielding stiffness are more likely to have large ductility
demands values (although in the current structural fuse context these are all essentially
intended to be less than one). 
With respect to total hysteretic energy, the results shown in Table 3.1 corroborate the
information presented in Figure 3.4, recognizing that the energy dissipated by inelastic
deformation increases with decreases in α values.
Table 3.1 also shows the hysteretic energy normalized with respect to different criteria,
namely, mgΔya, VyΔya, and VpΔya.  The mgΔya criterion was used by Christopoulos et al.
(2002) to express the normalized hysteretic energy as a measure of potential structural
damage, while VyΔya and VpΔya represent the area covered in the pushover curve
(Figure 3.2) by the rectangles defined by the bounds Vy and Δya, and Vp and Δya,
respectively.  In this comparative study, mass, m, and yield strength, Vy, increase
proportionally with decreases in α values, while Δya is kept constant.  Consequently,
normalized hysteretic energy in Table 3.1 increase with decreases in α in the same
proportion.  However, the base shear capacity, Vp, increases proportionally but at a lower
rate than the increase corresponding to m and Vy, which makes the normalized hysteretic
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energy with respect to VpΔya increase proportionally larger than the ones obtained with
respect to mgΔya and VyΔya, respectively.
Table 3.1 presents other normalization criteria for the hysteretic energy with respect to
VydΔya and the area covered by one full cycle hysteretic loop (Figure 3.4), respectively.  In
both cases, Vyd and the one full cycle area increase at the same rate with decreases in α
values, and consequently the results corresponding to both normalization criteria vary in
the same proportions.  However, the increase in both Vyd and the area inside one
hysteretic loop is larger than the increase corresponding to m and Vy.  Consequently, the
normalized hysteretic energy decrease proportionally with decreases in α values.
For illustration purposes, single earthquakes of 15 s and 60 s duration were selected to
plot time history results.  Figures 3.17 to 3.20 show the frame ductility, μf, time histories
as a function of α for short (T = 0.1s) and long (T = 1s) period structures.  In these figures
the horizontal lines at μf = ± 0.2 correspond to the yield threshold for μmax = 5 specified in
Figure 3.3b.  Figures 3.21 to 3.24 show the hysteresis loops corresponding to the
normalized base shear with respect to the system capacity, as a function of α for short (T
= 0.1 s) and long (T = 1 s) period structures.  Figures 3.21 to 3.24 also illustrate that even
though earthquake duration does not appreciably affect the maximum ductility response,
it does increase the number of hysteresis cycles developed during the motion, causing an
important increase in the amount of energy dissipated.  In some circumstances, this larger
number of inelastic cycles could have an impact on the fatigue life of the structural fuses,
but this is unlikely for well designed ductile devices, and consideration of this effect is
































Figure 3.17.  Frame Ductility (μf) as a function of α for T = 0.1s, μmax = 5,
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Figure 3.18.  Frame Ductility (μf) as a function of α for T = 0.1s, μmax = 5, η = 0.8,
































Figure 3.19.  Frame Ductility (μf) as a function of α for T = 1s, μmax = 5, η = 0.2,
































Figure 3.20.  Frame Ductility (μf) as a function of α for T = 1s, μmax = 5, η = 0.2,
and Earthquake of 60s
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Figure 3.21.  Normalized Base Shear as a function of α for T = 0.1s, μmax = 5,
η = 0.8, and Earthquake of 15s
71






-1 -0.5 0 0.5 1







-1 -0.5 0 0.5 1















-1 -0.5 0 0.5 1
V / V p
α = 0.05
Figure 3.22.  Normalized Base Shear as a function of α for T = 0.1s, μmax = 5,
η = 0.8, and Earthquake of 60s
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Figure 3.23.  Normalized Base Shear as a function of α for T = 1s, μmax = 5,
η = 0.2, and Earthquake of 15s
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Figure 3.24.  Normalized Base Shear as a function of α for T = 1s, μmax = 5,
η = 0.2, and Earthquake of 60s
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(3.37)
3.5. Generic Retrofit Case Study
In this section a case study comparison is made between seismic response of a SDOF
without metallic dampers called the bare frame (BF) and the same SDOF system
retrofitted with a structural fuse (SF).  The same format used to present results for the
SDOF system with structural fuses is used to show ductility demand of the BF system as
a function of other characteristic parameters.  The BF system is modeled as an elasto-
plastic SDOF, i.e., with stiffness ratio and maximum displacement ductility taken as
α = 1, and μmax = 4, respectively.  Response of the BF is completely defined by the
elastic period (see (3.5)), and the frame strength-ratio, ηf, which in this case is equal to:
where Vyf is the yield strength of the frame shown in Figure 3.2.
The same drift limit of 2% for a story height of 3810 mm used in Section 3.4.3
(umax = 76 mm) is again shown in Figure 3.25, where the ductility response of the BF is
plotted for a range of strength-ratio, ηf, values between 0.10 and 2.0.  The allowable story
drift imposes a maximum permissible period of approximately 0.5 s.  For some of the BF
systems considered, even at that drift limit, the frame must undergo large inelastic
deformations.  For example, a frame with ηf = 0.4 at the maximum drift limit has a
displacement ductility close to 8, which implies large rotation demands on plastic hinges
to dissipate energy via hysteretic behavior (i.e., damage to the primary structure).  Elastic
behavior would be achieved for systems having large strength-ratio (e.g., ηf $ 2.5 as
mentioned in Section 3.4.3).  For the purpose of this case study, a BF with
m = 0.044 kNAs2/mm, Kf = 1.75 kN/mm, and Vyf = 127.4 kN (i.e., T = 1.0 s and ηf = 0.5) is
arbitrarily selected as a system that does not meet the drift requirements, and that would
behave inelastically without seismic retrofit under an earthquake with peak ground




















0 0.5 1 1.5 2
Figure 3.25.  Bare Frame (BF) Response and Story Drift Limit of 2% (umax =
76mm)
structural fuse, with Ka = 5.25 kN/mm, and Vyd = 76.4 kN (i.e., α = 0.25, μmax = 5,
T = 0.5 s, and η = 0.4).
Figure 3.26 shows the response of both systems.  The arrow in Figure 3.26 shows how
behavior of the retrofitted system has “moved” into the area of admissible solutions.  The
period is reduced to one half of the original value (T = 0.5 s), and the frame ductility
reduces from 1.9 to 0.8, i.e., frame response remains elastic.  Maximum ductility demand
on the structural fuse is 4.0.  Note the reduction of the strength-ratio of the systems (from
0.5 to 0.4).  This is caused partly by the use of different definitions for ηf (see (3.37)) and
η (see (3.19)), and partly by the fact that for the chosen parameters for the case study the
SF has a yield strength lower than that of the corresponding BF (i.e., Vy < Vyf), as shown
in Figure 3.3b.
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The corresponding displacement, velocity, acceleration and energy dissipated time
history results are shown in Figures 3.27 and 3.28.  In Figure 3.27, a reduction of about
60% in both the maximum and the permanent deformations are observed when
comparing the lateral displacements of the SF to that of the BF systems.  A lesser but still
important reduction of approximately 40% of the relative peak velocity is observed. 
However, in this particular case the maximum acceleration is slightly increased (about
14%), due to the additional stiffness provided by the inclusion of a metallic damper. 
Note that a period reduction of one half translates into an increase in the lateral stiffness
of four times (see (3.24)), and the corresponding maximum base shear (related to peak
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Figure 3.28.  Energy Dissipated; (a) Bare Frame (BF), (b) Structural Fuses (SF)
Figure 3.28 shows the difference in energy dissipation between the BF and SF systems. 
Initially, in the BF, the energy is absorbed by viscous damping action while the frame is
still elastic.  Once the yield point is reached (at 4.7s) the increment in input energy is
dissipated mainly by hysteretic behavior of the frame.  The inclusion of a structural fuse
eliminates any frame hysteretic energy in the SF case (i.e., BF remains elastic), by
introducing hysteretic action exclusively in the fuses, while the energy absorbed by
viscous damping is not significantly affected.  While in this example, the inclusion of a
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structural fuse causes an important increase in the input energy, this increase is totally
absorbed by the fuse action, as shown in Figure 3.28.
3.6. Observations
The structural fuse concept has been introduced in this section and validated through a
parametric study of the seismic response of SDOF systems.  It has been found that the
range of admissible solutions that satisfy the structural fuse concept can be parametrically
defined, including (as an option) the story drift limit expressed as an elastic period limit
(calculated by (3.30), or (3.35) and (3.36), for short and long period structures,
respectively).  As shown in Figures 3.13 to 3.16, as a design tool, this can be represented
graphically with shaded areas delimiting the range of admissible solutions.  Systems
having μmax $ 5 offer a broader choice of acceptable designs over a greater range of η
values.
Even though ductility demand, μf and μ, does not vary significantly with α (except for
small values, i.e., α = 0.05), the hysteretic energy substantially increases with decreases
in α values.  In other words, substantially different amount of hysteretic energy can be




DESIGN OF SINGLE DEGREE OF FREEDOM (SDOF) SYSTEMS
WITH METALLIC STRUCTURAL FUSES
4.1. Introduction
The structural fuse concept can be implemented by adding to the primary structure
metallic passive energy dissipating (PED) elements.  These special structural elements
serve no purpose other than to dissipate seismic energy by inelastic deformations.
Many types of metallic devices have been developed to serve as PED elements for
implementation in new structures, and to improve seismic behavior of existing structures. 
Buckling-restrained Brace (BRB), Triangular Added Damping and Stiffness (T-ADAS)
systems, and Shear Panel (SP) systems are three such devices; they have been chosen, for
the purpose of this study, to illustrate how the structural fuse concept can be implemented
for different types of PED devices working as metallic structural fuses.  Furthermore,
these PED systems have the advantage that they can be modeled as described in Figure
3.1, and their behavior can be studied using the parametric formulation developed in
Section 3.
For each selected system, a general procedure is proposed for designing and retrofitting
purposes, and some implementations on new and existing structures are presented as
examples of how to operationalize the structural fuse concept.  The influence of system-
dependant properties is also discussed, in terms of constraints and sensitivity to





Figure 4.1.  Bare Frame Properties
4.2. Metallic Structural Fuses considered in the Analysis
BRB, TADAS, and SP devices are described in this section, and equations to calculate
key parameters (i.e., α, μmax, η, and T ) are also presented for the case of a SDOF system
composed of a single-bay one-story frame.  For a bare frame with pinned-base, as the one
shown in Figure 4.1, lateral stiffness, Kf, shear capacity, Vyf, and yield deformation, Δyf,
are equal to:
where L and H are the frame length and height, respectively; IB and ZB are the moment of
inertia and plastic modulus of the beam, respectively; IC is the moment of inertia of the
columns; Fyf and E are the specified yield stress and modulus of elasticity of the used
material (i.e., steel in this case), respectively.
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Figure 4.2.  Buckling-restrained Braces
Components (Nipon Steel Corporation, 1980's)
These equations define the pushover curve corresponding to the bare frame, as shown in
Figure 3.2, and are used with the properties of the added device system in subsequent
sections to calculate key parameters corresponding to each of the studied metallic fuse
devices.
4.2.1. Buckling-restrained Brace (BRB)
BRBs have been implemented as an alternative to overcome some problems found in the
design of concentric braced frames (CBF), for example: strength and stiffness
degradation of the braces under cyclic loads, and significant difference between tension
and compression capacity of the braces, which causes important out-of-balance loads on
beams where braces connect.  Figure 4.2, adapted from Nippon Steel Corporation, shows





Figure 4.3.  Frame and BRB Properties
Figure 4.3 shows an buckling-restrained braced frame (BRBF), whose damper lateral
stiffness, Kd, base shear capacity, Vyd, and yield deformation, Δyd, can be calculated as:
where Ab, Fyd, and θ are the cross-sectional area, the specified steel yield stress, and the
inclination of the BRB from the horizontal, respectively.  Other variables were previously
defined.  An BRBF does not require the use of device support system as defined in












These equations combined with (4.1), (4.2), and (4.3) provide the following set of







and m and ügmax are the mass and the peak ground acceleration, respectively.  The other
variables have been defined previously.
This set of parameters is used in Sections 4.5 and 4.6 for new construction design, and
retrofit of existing structures, respectively, using BRBs as metallic structural fuses.
4.2.2. Triangular Added Damping and Stiffness (T-ADAS) System
Figure 4.4 describes the components of a frame with T-ADAS dampers mounted on
braces in chevron configuration.  In Figure 4.4 the plate properties corresponding to the
T-ADAS dampers are also shown.  For this system, the damper lateral stiffness, Kd, base
shear capacity, Vyd, and yield deformation, Δyd, are equal to:
where N is the number of plates; b, h, and t are the base, height and thickness of the
plates, respectively; and Fyd is the T-ADAS device specified steel yield stress.  As shown
in Figure 4.4, T-ADAS dampers must be mounted on a device support system, typically
provided by concentric braces, whose lateral stiffness, Ks, can be calculated as:
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These equations combined with (4.1), (4.2), and (4.3) are used to compute the key












This set of parameters is used in Sections 4.5 and 4.6 for new construction design, and
retrofit of existing structures, respectively, using T-ADAS dampers as metallic structural
fuses.
4.2.3. Shear Panel (SP)
Like the T-ADAS dampers case, the configuration used for the SP systems is the chevron





Figure 4.5.  Frame and SP Properties
damper shown in Figure 4.5, the damper lateral stiffness, Kd, base shear capacity, Vyd, and
yield deformation, Δyd, are equal to:
where w, t and h are the width, thickness, and height of the SP, respectively; and G is the
steel shear modulus.  Like in the T-ADAS case, the lateral stiffness of the device support











These equations combined with (4.1), (4.2), and (4.3) are used to calculate the key






This set of parameters is used in Sections 4.5 and 4.6 for new construction design and
retrofit of existing structures, respectively, using SPs as metallic structural fuses.
4.3. Design for a Specified set of Parameters
The results presented in Figures 3.13 to 3.16 show that the structural fuse concept can be
satisfied by many combinations of parameters that define the structural system and its
seismic response.  However, some of these combinations may not be efficient (or even
correspond to physical systems of realistic or practical sizes and dimensions).  One
possible measure of structural efficiency can be defined by the selection of the lightest
possible steel structure that behaves in a desired way.  To have an efficient (and realistic)
design, it is useful to have some guidance on how (and in which order) to select the
values for the key parameters that define satisfactory fuse systems.  Such guidance is
provided in the following.
Section 3 showed that α and μmax define the characteristics of the system pushover curve. 
These parameters are interrelated through the system overstrength factor, Ωo, in (3.9),
which can be rewritten as:
In other words, given α and μmax, the overstrength factor, Ωo, can be calculated using
(4.47).  This equation is plotted in Figure 4.6 as a set of straight lines for different values



















1 2 3 4 5 6 7 8 9 10
μmax
Ωo
Figure 4.6.  Overstrength Factor, Ωo, as a function of α and μmax
one and the maximum ductility (i.e., 1 < Ωo < μmax), depending on α values (since
0 < α < 1.0).
For a target set of α, μmax, and η values chosen to provide a satisfactory system response
with the structural fuse concept, the procedure listed below shows how satisfactory
designs can be obtained for a frame with given geometry, for given structural mass and
yield strength of beams and columns, and for given seismic conditions.  Figure 4.7 shows
the procedure in a flowchart.
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New:  Define Frame Properties: H, L, m, Fyf 
Retrofit:  Given Frame Properties: H, L, IB, ZB, IC, m, Fyf 
Step 3: 
Select Target Parameters from Table 1:
New: α, μmax, η;  Retrofit: η, μmax 
Define Site Properties: 
SDS, SD1, ügmax 
Step 1: 
Establish allowable story drift: 
Δa 
Step 2: 
Determine elastic limit period:
TL
Step 4: 
New: Calculate required yield shear and shear capacity: Vy, Vp 
Retrofit: Calculate required yield shear: Vy 
Step 5: 
Determine required stiffness and parameters: 




New: Δya, Δyf ;  Retrofit: Δya 
Step 7: 
Calculate required shear capacity: 
New: Vyf, Vyd;  Retrofit: Vp, Vyd 
Step 8: 
Select frame and damper sections: 
New: IB, ZB, IC, Fyd, damper properties;  Retrofit: Fyd, damper properties 
A





umax, μf, μ 
A






















α, μmax, η, T 
Step 11 
Step 12 
Applicable to  
New Design only 
Figure 4.7.  Procedure to Design Systems satisfying the Structural Fuse Concept (cont.)
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Step 1.  Define the allowable drift limit as the upper bound lateral displacement
(generally established as a percentage of the story height, H).
Step 2.  Determine the elastic period limit, TL, corresponding to the drift limit from the
target design spectrum, using (3.30) for flexible systems (i.e., TL > TS), or (3.35)
for stiff systems (i.e., TL < TS), where TS is the transition period that separates the
constant velocity and constant acceleration regions of the target spectrum.
Step 3.  Given the elastic period limit, TL, a set of target parameters (i.e., α, μmax, and η)
may be selected from Table 4.1, which shows different combinations of
parameters that satisfy the structural fuse concept (see Figure 3.8).  Note that
flexible and ductile systems (i.e., T $ 1.5s and μmax $ 5) require small strength-
ratio values (i.e., η < 0.15 values).  On the other hand, stiff and less ductile
systems (i.e., T < 0.5s and μmax < 5) require large strength-ratio values (i.e.,
η > 0.4).
Table 4.1.  Recommended η Values to Satisfy the Structural Fuse Concept
μmax \ T (s) 0.1 0.25 0.5 1 1.5 $ 2
(1) (2) (3) (4) (5) (6) (7)
α = 0.05
1.67 N / A N / A 1.00 0.60 0.40 0.35
2.5 N / A 1.00 0.80 0.40 0.30 0.20
5.0 0.80 0.60 0.40 0.20 0.15 0.10
10 0.50 0.40 0.20 0.10 0.08 0.05
α = 0.25
1.67 N / A N / A 1.00 0.60 0.40 0.35
2.5 1.00 1.00 0.60 0.40 0.30 0.20
5.0 0.60 0.50 0.40 0.20 0.15 0.10
10 0.40 0.30 0.20 0.10 0.08 0.05
α = 0.50
1.67 N / A N / A 1.00 0.60 0.40 0.35
2.5 1.00 1.00 0.60 0.40 0.30 0.20
5.0 0.50 0.50 0.40 0.20 0.15 0.10











Step 4.  Given the mass, m, and the peak ground acceleration, ügmax, calculate the required
yield base shear, Vy, and base shear capacity, Vp, as:
Step 5.  Calculate the target stiffness for the structure, K1, the frame, Kf, and the damping
system, Ka, respectively, as:
Step 6.  Determine the yield displacements for the damping system, Δya, and the frame,
Δyf, respectively, as:
Step 7.  Calculate the base shear capacity for the frame, Vyf, and the damping system, Vyd,
respectively, as:
Step 8.  Design the bare frame and structural fuse elements to match as close as possible
the stiffness and the base shear capacity requirements defined by (4.51), (4.52),
(4.55), and (4.56).  Required beam plastic modulus, ZB, may be calculated from
(4.2), given the story height, H, and the frame steel yield stress, Fyf, which allows
to select a beam section with a plastic modulus as close as possible to this
calculated value.  Required moment of inertia for the columns may be
determined from (4.1), given the story height, H, the bay span length, L, and the
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beam moment of inertia, IB, corresponding to the selected plastic modulus, ZB. 
Selection of metallic fuses sizes and properties follows using equations in
Sections 4.2.1 to 4.2.3 depending on the type of energy dissipation device
selected.  For example, area of buckling-restrained braces can be determined
from (4.4), which allows to chose a plate with a cross sectional area as close as
possible to this calculated value.  The required steel yield strength for the braces
may be determined from (4.5), given the selected brace area, Ab.  For the T-
ADAS and SP cases, many combinations of sizes and properties are possible,
and judgement must be exercised in designing these elements.
Step 9.  Recalculate T, α, μmax, and η parameters from the actual properties obtained in
Step 8.
Step 10.  Evaluate system response either by performing time history analysis, or
indirectly by reading the charts (Figures 3.8 and 3.9), or using (3.25) and (3.26)
(i.e., approximate closed form solutions).
Step 11.Verify that the system response is still satisfactory.  If the structural fuse concept
is not satisfied (i.e., μf > 1, or lateral displacements greater than allowable story
drift are obtained), a sensitivity analysis can be performed (see Section 4.4), or
new frame and damper properties may be chosen to improve the system seismic
behavior, and the procedure is repeated from Step 9.
Step 12.Verify that the new parameters calculated in Step 9 are sufficiently close to the
target parameters selected at the beginning of the process.  If not, new frame and
damper properties should be selected to match as close as possible the target
parameters, and the procedure is repeated from Step 9.  Alternatively, in a worse
case scenario, it may be necessary to change the frame geometry, and might even
be possible to change the system mass, although project constraints may make
this difficult.
This general procedure can be used to design SDOF systems using BRB, T-ADAS, or SP
devices as metallic structural fuses.  However, to retrofit an existing structure, the above
procedure must be modified, because in addition to other constraints, the bare frame
properties are generally fixed.  Although the system original properties could be modified





reducing beams flexural capacity (i.e., creating reduced beam section [RBS]), or by
incorporating additional mass, the cost involved in such works could makes these
alternatives less desirable, and hence they are considered out of the scope of this study.
It may be noted from Table 4.1 that, in most cases, α has an insignificant influence on the
set of η and μmax that can be chosen to satisfy the structural fuse concept.  Therefore, in
the retrofit case, η and μmax may be selected from Table 4.1 regardless of α value,
because α can no longer be freely selected; it must be calculated as follows, provided that
the frame stiffness, Kf, and base shear capacity, Vyf, are known:
where α shall not be greater than (TL2 Kf) / (4π2 m) to satisfy the drift limit defined in
(3.30) and (3.36).  Accordingly, the total stiffness, K1, and the elastic period, T, may be
calculated, respectively, as:
where K1 shall be greater than (4 π2 m) / (TL2), and T shall not be greater than TL to satisfy
the drift limit defined in (3.30) and (3.36).
As a result of the above constraints, only the structural fuse properties can be modified to
satisfy the retrofit design requirements.  Figure 4.7 also shows the required modifications
in the procedure to be followed when retrofitting existing structures.  Note that η and μmax
are  the only parameters that can be arbitrarily specified, since α and T depend directly on
the existing frame properties.  Also, sensitivity analyses of the type described in
Section 4.4 cannot be performed as part of the retrofit process, because they would
require to modify not only the damper properties but also the frame properties.
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It is important to note that the structural fuse concept objective can be achieved with this
general design procedure for earthquakes that do not exceed the level of design
specifications.  High variability of earthquake records makes it possible that the target
design objective may be violated for a given earthquake exceeding the design spectrum,
but it should be recognized that in such cases, response of the system remains ductile and
safe (i.e., safe failure).  However, to minimize such probability of exceeding the design
level, it is recommended to use target design spectra at maximum credible earthquake
level (e.g., 2% of probability of being exceeded in 50 years).
Note that the procedure presented in this section has been specifically developed to
design and retrofit systems with metallic dampers in order to satisfy the structural fuse
concept according to the definition provided by this study.  Therefore, this design
guidance has been provided for the sizing of the fuse system as a function of the total
system strength.  However, it is considered worthwhile to acknowledge the general
procedure also presented in the NEHRP Recommended Provisions (FEMA 450) to
design structures with damping systems.  Requirements presented in these provisions are
generally applicable to systems designed with displacement-dependent or velocity-
dependent damping devices.
Two specific step-by-step design examples are shown in Appendix A, illustrating the
process to design an BRBF satisfying the structural fuse concept.  The first has the
following target design parameters: α = 0.25, μmax = 5, η = 0.4, and story drift limit of 2%
of the story height (i.e., umax = 76 mm for H = 3810 mm, which translates into an elastic
period limit of TL = 0.53 s).  The second example illustrates the iteration process required
when target design parameters are not met in the first attempt.  This example has the
following target design parameters:  α = 0.25, μmax = 1.67, η = 1.0, and story drift limit of
2% of the story height (i.e., umax = 76 mm like in the first example).
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4.4. Sensitivity Analysis
Step 1 to 7 in the above procedure deal with ideal system properties independent of the
type of structural fuse devices selected.  Steps 8 to 11 involve the selection of actual
physical properties for specific PED devices, which may result in the key parameters
(i.e., α, μmax, η, and T) deviating from the original target values as available structural
elements are selected.  This deviation from the target parameters will be noted in the
examples of Sections 4.5 and 4.6.  Furthermore, in the design process (using Figures 3.13
to 3.16, and following the steps in Figure 4.7) it is often desirable to “move” along the
same η curve to find a solution having a new period value, keeping constant α and μmax,
in the search to improve system behavior (i.e., selecting a design that falls within the area
of admissible solutions using the graphic representation of Figure 3.13).  Another
possibility in the design process would be to “move” vertically along the same period to
find a solution with a new η value, keeping constant α and μmax.
As part of the design process, a difficulty arises because changing one design parameter
often correspondingly change other key parameters that characterize response (e.g.,
variations in SP plates, thickness impact all of α, μmax, T, and η).  Therefore, to manage
this complex interdependency between physical properties and target parameters, it is
helpful to identify all interdependencies and use this information to achieve a systematic
design process.
The proposed approach starts by selecting physical properties that affect the largest
number of parameters that are independent on the type of structural fuse selected, and
then vary the other properties to complete the design, getting as close as possible to target
parameters.  For this purpose, tables of dependency have been prepared (Tables 4.2 to
4.7) to show the relationship between physical properties and target parameters.  For each
type of metallic fuse system, a set of two tables is used.  The first table relates physical
properties with non-dimensional variables used in each case to calculate target
parameters.  The second table shows the relationship between non-dimensional variables
and target parameters.  These tables could be merged together (eliminating the
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intermediate step) to show directly the interdependency between physical properties and
target parameters.  However, a drawback of such a merged table is that more complex
expressions to directly calculate target parameters from physical properties would be
necessary and these are of a form that makes the design less manageable.  Thus, non-
dimensional variables that group many physical properties have been used to circumvent
the difficulties found when attempting to design using a single merged table.  Figure 4.8
shows in a flowcharts the procedure to “move” BRB, T-ADAS, and SP system responses
to achieve an acceptable solution in the context of the sensitivity analysis.  As shown in
this figure, the procedure starts defining geometric, cross-sectional, and material
properties of the members to match α, and μmax.  Then T and η are matched changing the
mass, m.  As part of the procedure, the following properties have been kept constant:
peak ground acceleration, ügmax, which is function of the site; story height, H, which
defines the allowable story drift; and the steel properties of the frame (i.e., modulus of
elasticity, E, shear modulus, G, and yield stress, Fyf).
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Figure 4.8.  Procedure for the Sensitivity Analysis (cont.)
Note in these flowcharts that the procedure can only be implemented in new construction
designs.  In the case of retrofit of existing structures, where geometric and frame
properties remain basically constant, variations made only in the structural fuses
properties are not sufficient to modify the response in such a way that α and μmax are kept
constants, while either η or T are changed.
4.5. Design Examples
Actual designs were conducted following the procedure listed in Section 4.3 for one-
story one-bay SDOF structures with the following arbitrarily selected general properties:
L = 4877 mm, H = 3810 mm, m = 0.35 kNAs2/mm, and Fyf = 345 MPa (hard conversion
from 16 ft, 12.5 ft, 2 kipAs2/in, and 50 ksi, respectively).
A total of 12 different designs were developed for every metallic fuse system studied
here to match as closely as possible the target pushover parameters, α and μmax, presented
in Figure 3.13 (i.e., α = 0.05, 0.25, 0.50; and μmax = 10, 5, 2.5, 1.67).  Target period was
taken from Figure 3.13 as the upper bound limit of 0.53 s (dashed vertical line in the
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figure), which corresponds to the elastic period limit, TL, conservatively calculated using
(3.30), with Sd = 76 mm as the allowable story drift of 2% for a story height of 3810 mm.
Many η values lie in the region of admissible solution in Figure 3.13 and are thus
satisfactory.  However, it was observed that the most efficient (lightest) systems that
satisfy the structural fuse concept are those for which frame ductility is approaching one,
and elastic period is close to the elastic period limit (i.e., μf . 1 and T . TL = 0.53 s, in
this case).  This is because systems having large μmax require small η values to satisfy the
structural fuse concept, which translates into lighter structures because of the reduction in
the yield base shear capacity, Vy, especially for systems having large device contributions
(i.e., small α values).  Therefore, in order to provide designs having the most favorable
response, target η values were selected as the closest to μf = 1 and TL in Figure 3.13.
4.5.1. Design Results
Properties of the resulting designs conducted following the procedure in Section 4.3 (and
illustrated in Appendix A) are presented in Tables 4.8, 4.9, and 4.10 for systems having
BRB, T-ADAS, and SP devices, acting as metallic fuse elements, respectively.  Results
are tabulated as target values, design properties, design parameters, and response for
every system.  Target values include the parameters α, μmax, η, and T to be matched
through the design process.  Note that the target parameters can generally be matched
fairly closely for the BRB and T-ADAS cases.  In the SP dampers cases, it was found to







































































































































   
   






   
   
   





































































































































































   
   






   
   
   





































































































































































   
   






   
   
   





























































































































































































































































































































   
   






   
   
   





























































































































































































   
   






   
   
   





























































































































































































   
   






   
   
   




















































































































































































































































































































































   
   






   
   
   







































































































































































































   
   






   
   
   







































































































































































































   
   






   
   
   







































































































































































































Frame and damper features are listed as design properties, as well as the total system
weight, WT, and weight ratio, ρ, defined as the ratio between fuse weight, WF, with
respect to the total system weight, calculated as:
The total system weight, WT, includes the weight of beams, columns, and fuse system. 
The fuse weight, WF, includes the following elements for each system: core plate, N
triangular plates, and shear plate and flanges, for the BRB, T-ADAS, and SP systems,
respectively.
Design parameters include the key parameters calculated using actual properties.  Also
under this category are the obtained response modification factor, R, the overstrength
factor, Ωo,  and the ductility factor, , which are schematically depicted in Figure 4.9. 
The overstrength factor, Ωo, was previously defined, and the response modification
factor, R, and the ductility factor, , can be determined, respectively as:
where Ve is the elastic base shear obtained from the elastic demand spectrum as:
The system response is expressed in terms of frame ductility, μf,  and global ductility, μ,
obtained from inelastic time history analysis.
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Figure 4.9.  Response Modification Factor R, Ductility Factor Rμ, and Overstrength
Factor, Ωo
From the results presented in Tables 4.8, 4.9, and 4.10, it may be noted that frame and
metallic fuses cross-sectional properties vary in such a way that frame base shear
capacity increases while damping system base shear capacity decreases with both
increases in α and μmax values, according to Figure 3.3b.  However, according to Figure
3.4, systems with large frame stiffness and large frame base shear capacity (i.e., small
contribution of devices to the total base shear strength) dissipate less energy than systems
with large device stiffness and base shear capacity (i.e., small contribution of frame base
shear).  Therefore, systems having large devices base shear contribution (i.e., small α and
μmax values) are the most desirable systems to design and retrofit as earthquake resisting
structures using metallic fuses.
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PED devices have been designed as plate elements assuming availability of six different
structural steel grades, namely ASTM A36 Grade 36 ksi (248MPa), A572 Grades 50, 55,
60, and 65 ksi (345, 379, 414, and 448 MPa, respectively), and A852 Grade 70 ksi
(483 MPa).  In the case of BRB and T-ADAS systems, the selected yield stress, Fyd,
increases with decreases in μmax, which translates into systems less ductile than those
designed using low yield strength steels.  However, in the SP dampers case, Fyd does not
vary significantly with the parameters α and μmax.  As shown in Figure 3.3, for a given
value of α, the physical consequence of decreasing μmax is that the damping system takes
a bigger percentage of the total base shear, Vp.  In other words, by increasing the strength
of the damper system, only smaller values of μmax can be developed (prior to yielding of
the frame).  From Table 4.10 it may be seen that in the SP dampers cases, this increase in
percentage is obtained by increasing the plate dimensions, which is particularly
noticeable for values of μmax < 5.  Note that these large sizes for the required plates may
not necessarily be practical.  However, given that it is desirable that a structural fuse
system with SP devices dissipates more hysteretic energy having large values of μmax, this
seems to suggest that application of the SP system with μmax > 5 is suitable.
On one hand, the total system weight, WT, increases with α, as a result of larger resulting
beams and columns.  On the other hand, the weight ratio, ρ, decreases with α because of
simultaneous reductions in damper cross-sectional properties, and increases in frame
shape sizes.
As shown in columns (8), (12), and (13) of Tables 4.8, 4.9, and 4.10, respectively, the
weight ratio, ρ, has the lowest values for the BRB systems.  However, it is worthwhile to
mention that for the BRB case, the fuse weight, WF, has been calculated as the core plate
weight excluding the exterior tube, the de-bonding material, and the mortar, which in
precise cost assessments should be considered when comparing systems in terms of
efficiency.  It is possible that these omitted elements could increase the cost of the BRB
system such that its total cost would be comparable to that for the T-ADAS system,




preliminary results and rough estimates suggest that none of the studied systems appears
to have significant advantages over the others.
Substituting Ve / R for Vy into (3.19), gives:
which may be rewritten by substituting m@Sa for Ve, giving:
which is the elastic spectrum normalized with respect to the peak ground acceleration,
ügmax, scaled by the factor 1/η.  Figure 4.10 shows the response modification factor, R,
obtained by (4.65) for the NEHRP 2003 target design spectrum used in Section 3 to
generate the set of synthetic ground motions for time history analyses.  It may be noted
from Figure 4.10 and Tables 4.8 to 4.10 that for a given period and η value, R is uniquely
defined.  Tables 4.8 to 4.10 show that R values obtained from nonlinear time history
analysis remain relatively constant for a given value of η, and T, irrespectively of the
values of the stiffness ratio, α, and maximum ductility, μmax.  This is because the response
modification factor, R (as shown in (4.61)) is defined by the ratio of two elastic
properties, namely, the elastic base shear, Ve (which may be determined from the elastic
period, T), and yield base shear, Vy (which defines the yield threshold determined from
the strength ratio, η).  In other words, systems having different inelastic properties (i.e.,
ductility and energy dissipation capabilities) can still have the same response
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Figure 4.10.  Response Modification Factor, R, as a function of η and T
(4.66)
Knowing that R is equal to , (4.65) can be written as:
which represents a set of normalized spectra corresponding to the response modification
factor (from Figure 4.10) reduced by the overstrength factor, Ωo.  As mentioned before,
the overstrength factor, Ωo, is an inelastic parameter which is a function of the stiffness
ratio, α, and the maximum ductility, μmax (according to (4.47)).  Consequently, the
ductility factor, , can be represented as inelastic spectra varying with both parameters
α and μmax.  Figure 4.11 shows such inelastic spectra corresponding to  for the values
of  α and μmax used in this study.  It may be noted from Figure 4.11 and Tables 4.8 to 4.10
that systems with small values of α and μmax (which also results in values of Ωo close to
one) have a seismic behavior close to elasto-perfectly plastic (see Figure 3.3a), which
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translates into similar values for R and .  However, according to the results shown in
Figure 3.13, these systems require large values of strength ratio, η (i.e., small values of
R) to satisfy the structural fuse concept.  Seismic behavior of such systems is, therefore,
almost elastic with insignificant hysteretic energy prior to yielding of the frame, which is
not the desired objective when PED devices are implemented in the structural fuse
concept.
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Figure 4.11.  Ductility Factor as a function of α, μmax, η, and T
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On the other hand, systems with large values of α and μmax (which also results in large
values of Ωo) require small values of η (i.e., large values of R) to satisfy the structural
fuse concept, which implies that values of  are also small, as shown in Figure 4.11.  In
other words, such systems have a small reduction in the elastic base shear, Ve, and low
energy dissipation capability, because of their large stiffness ratio, which result in a non-
efficient application of the structural fuse concept (it essentially corresponds to making
the retrofitted system stronger, not necessarily taking advantage of ductile response of the
PED).
Tables 4.8 to 4.10 show that system response in terms of frame ductility, μf, is generally
close to the target value (i.e., μf . 1) which validates the results presented in Figure 3.13. 
Also, for given μmax, and η values, the global ductility, μ, as well as the response
modification factor, R, do not change significantly with respect to the strain hardening
ratio, α.  Note that systems having the same response in terms of ductility may have
different energy dissipation capacity due to their different strain hardening ratios, as
shown in Figure 3.4.  In other words, systems with large ductility response can still have
small energy dissipation capability.
4.6. Retrofit Examples
A bare frame has been arbitrarily selected to be retrofitted using BRB, T-ADAS, and SP
devices in order to satisfy the structural fuse concept.  The “existing” frame properties
are: W27x84 beam, W14x145 columns,  L = 4877 mm, H = 3810 mm,
m = 0.525 kNAs2/mm, and Fyf = 345 MPa (hard conversion from 16 ft, 12.5 ft, 3 kipAs2/in,
and 50 ksi, respectively).  After time history analysis is performed, the system maximum
average displacement is 250 mm, which is greater than the allowable story drift of 2% of
the story height (i.e., 76 mm in this case).  This lateral displacement translates into a
frame ductility of 3.86 (i.e., μf = 3.86 > 1.0), which implies inelastic rotations in plastic
hinges and damage to the main structure during an earthquake compatible to the design
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spectrum.  Note that this frame would have been code-compliant and deemed satisfactory
for designs done prior to the introduction of drift limits into codes of the 1970's.  The
objective of this example is to retrofit this frame and improve its seismic performance to
satisfy the structural fuse concept using BRB, T-ADAS, and SP devices as metallic fuse
systems.
Using (4.1), (4.2), and (4.3) the frame dynamic properties can be calculated as:
Kf = 11.2 kN/mm, Vyf = 724 kN, and Δyf = 65 mm, respectively.  These properties are
considered constant for retrofitting purposes in this study.  The previously determined
elastic limit period of 0.53 s and story drift limit of 2% is again used in this section.   
Knowing that TL = 0.53 s, from Table 4.1 many sets of η and μmax values can be selected
to provide a response in the region of admissible solutions (see Figure 3.13).  In the
following examples, three sets of η and μmax values have been used: 0.2 with 10, 0.4 with
5, and 0.7 with 2.5.  These groups of parameters serve to determine α and T from (4.57)
and (4.58), respectively, as some of the target parameters used to design the damping
systems for retrofitting the given frame.
4.6.1. Retrofit Results
Results of the retrofit examples are presented in Table 4.11, tabulated per type of metallic
fuse, design properties, design parameters and system response.  Note that as part of the
design, it was found necessary to use different values of yield stress, Fyd, for different
cases considered, even for a given device.  As shown in column (6) of Table 4.11, the
weight ratio, ρ, has the lowest values for the BRB system.  However, for reasons
described in Section 4.5.1, it should not be necessarily concluded that the BRB system is



































































































































































   
   
   






   
   
   






   
   
   






   
   
   







































































































































   
   
   






   
   
   






   
   
   






   
   
   








































































































































   
   
   







   
   
   






   
   
   






   
   
   





































































































































Note from Table 4.11, that all the observations made on the design examples developed
before (see Section 4.6.1) apply once again to the retrofit cases.  Since retrofitting is a
particular case of the structural design, as shown in the flowchart in Figure 4.8, results
with similar characteristics to the ones presented before, were expected in this Section.
4.7. Observations
Examples of new construction designs and retrofit of existing structures using BRB, T-
ADAS, and SP systems have been presented, using the fundamental concepts and results
from a parametric study in Section 3, and the design procedure in this section for given α,
μmax, and η values.
From the results presented in Tables 4.8 to 4.11 it may be noted, on one hand, that
systems having α $ 0.50 require a substantial frame (i.e., large beams and columns) to
meet the objectives of the structural fuse concept.  On the other hand, systems having
μmax < 5 require large fuse elements and high values of Fyd, which may be difficult to
implement (not to mention that having μmax < 5 implies less ductile behavior of the
structural fuse, which is less desirable.  Therefore, it is recommended for best seismic
performance to use 0.25 # α < 0.50 and μmax $ 5 as target parameters.  Furthermore, since
the maximum value of η that satisfies the structural fuse concept depends mainly on the
value of μmax, as shown in Figure 3.13, combining this result with the above observation,
suggests that η = 0.4 is a good value for this target parameter when μmax $ 5. 
Incidentally, using metallic fuse elements with low yield point steels (e.g., LYP steels
with Fyd = 100 MPa) helps to increase substantially the μmax values, and hence, the system
ductility.
Finally, it is noteworthy that the design procedure presented in this chapter was
developed to satisfy the structural fuse concept for earthquakes that do not exceed the
level of design specifications.  However, due to the high variability of earthquake
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records, it is recommended to use target design spectra at maximum credible earthquake
level (e.g., 2% of probability of being exceeded in 50 years) in order to minimize the




FLOOR RESPONSE OF SINGLE DEGREE OF FREEDOM
SYSTEMS WITH METALLIC STRUCTURAL FUSES
5.1. Introduction
In the 1964 Alaska and 1971 San Fernando earthquakes, extensive damage of
nonstructural components was observed, which resulted in substantial economic losses
with serious casualties and impediments to the buildings operation, although structural
damage was found to be less significant (Lagorio, 1990).  Consequently, since the 1970's,
many research projects have focused on providing guidance to design, retrofit, and
improve the seismic performance of nonstructural elements.  An inventory and summary
of past research, as well as comparisons of existing regulations to seismically design
nonstructural components can be found in Filiatrault et al. (2002), where, as part of the
study, recommendations are made for the development of rational research plans to
investigate the seismic performance of nonstructural building components.
In previous sections, the structural fuse concept was investigated as a way to protect
primary moment frame structures from experiencing inelastic behavior of beams and
columns, by concentrating all damage on easily replaceable elements.  Furthermore,
limiting story drift indirectly allows to mitigate damage of nonstructural components that
are sensitive to lateral deformations (i.e., elements that are generally attached to
consecutive floors).  However, many nonstructural elements are only attached to one
floor, which makes them vulnerable to shifting or overturning.  Damage to the internal
components of sensitive equipment may also occur due to severe floor vibrations.  In
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order to protect these components, floor acceleration and, in some cases, floor velocity
(e.g., in the case of toppling of furniture) should be kept under certain limits.
This section studies the floor velocity and acceleration response of SDOF systems
designed with metallic dampers acting as structural fuses.  Comparisons are made
between the floor response of bare frames and the floor response of systems with metallic
fuses.  Furthermore, velocity and acceleration spectra are developed from floor time
history responses to assess how the behavior of nonstructural components may be
affected by the use of metallic fuses.  Finally, an equivalent sine-wave floor acceleration
response is proposed to generate acceleration and velocity spectra, that may be used to
seismically design nonstructural components.
5.2. Floor Response
A parametric study was conducted to obtain floor accelerations and velocities for SDOF
systems with metallic fuses, using the synthetic earthquakes generated in Section 3, for
the same set of parameters previously considered (i.e., α = 0.05, 0.25, 0.50; μmax = 10, 5,
2.5, 1.67; η = 0.2, 0.4, 0.6, 1.0; and T = 0.1 s, 0.25 s, 0.50 s, 1.0 s, 1.5 s, 2.0 s).
Figures 5.1 and 5.2 show the results of the parametric study for floor acceleration, Sa, and
floor velocity, Sv, respectively, as functions of the above parameters.  The solid line in
both figures corresponds to the NEHRP elastic design spectrum.  It may be noted in
Figure 5.1, that floor acceleration reduces with increases in η values.  This is because the
response modification factor, R, is inversely proportional to η, and has the largest values
for short period systems (i.e., T # 0.5 s), as shown in Figure 4.10.  Note also, that as
structures become more flexible (i.e., T $ 2.0 s) floor spectral accelerations progressively
approach those obtained for elastic SDOF systems with little influence of parameters α,
μmax, and η.
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Figure 5.1.  Floor Acceleration of SDOF Systems with Metallic Fuses
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Figure 5.2.  Floor Velocity of SDOF Systems with Metallic Fuses
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(5.1)
Figure 5.2 shows, as expected, that the relative velocity is close to zero for short period
systems.  Like in the case of acceleration, floor velocity increases with η values, and for
long period systems all the curves approach the NEHRP elastic design spectrum for
T $ 2 s.  Furthermore, in Figures 5.1 and 5.2, it can be noted that both α and μmax have
negligible influence on the acceleration and velocity demands.
To analyze how metallic fuses modify the floor response, comparisons between the
response of bare frames and the response of structural fuse systems were made, in terms
of acceleration and velocity.  Figures 5.3 to 5.6 show the floor acceleration of structural
fuse systems, along with the floor acceleration of the corresponding bare frame (i.e.,
without metallic dampers).  Every figure corresponds to a different η value.  Note that
when metallic fuses are added to the system, the period of the system shortens.  This is
pointed out by (3.23), rewritten as:
where Tf is the period of the corresponding bare frame system.  As a result, the original
six periods considered for the bare frame result in six new periods for each α considered.
When comparing bare frame and retrofitted system response in Figures 5.3 to 5.6, one
cannot directly read up from the horizontal axis, but should rather compare the results
point-by-point for the six cases considered (alternatively, the figures could have been
plotted as a function of the bare frame period on the horizontal axis, but it was felt
worthwhile to also visually see the shift in period corresponding to each case).
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Figure 5.3.  Floor Acceleration of Structural Fuse Systems and Bare Frames for η = 0.2
131



































































0 1 2 3 4 5
Figure 5.4.  Floor Acceleration of Structural Fuse Systems and Bare Frames for η = 0.4
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Figure 5.5.  Floor Acceleration of Structural Fuse Systems and Bare Frames for η = 0.6
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Figure 5.6.  Floor Acceleration of Structural Fuse Systems and Bare Frames for η = 1.0
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Figures 5.3 to 5.6 also show that, in most of the cases, floor acceleration is increased by
adding metallic fuses to the system.  However, a reduction in the floor acceleration may
be seen for the case of systems with large stiffness ratio, and large maximum
displacement ductility (i.e., α = 0.5, and μmax = 10), especially for short period structures
(i.e., T # 0.5 s).  This is consistent with results in Figures 3.3a and 3.3b, where for the
case of α = 0.5 and μmax = 10, for example, adding metallic dampers decreased both the
lateral displacement and the total base shear (i.e., less acceleration) compared to the
response of the corresponding bare frame system.
Figures 5.7 to 5.10 show the floor response, in terms of velocity, for bare frames and
structural fuse systems.  In this case, the periods are also “shifted” according to the
relationship given by (5.1).  Unlike acceleration, velocity either decreases or remains
equal in most of the cases, which implies that adding metallic fuses do not seem to
change the velocity response of the systems.
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Figure 5.7.  Floor Velocity of Structural Fuse Systems and Bare Frames for η = 0.2
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Figure 5.8.  Floor Velocity of Structural Fuse Systems and Bare Frames for η = 0.4
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Figure 5.9.  Floor Velocity of Structural Fuse Systems and Bare Frames for η = 0.6
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Figure 5.10.  Floor Velocity of Structural Fuse Systems and Bare Frames for η = 1.0
139
A ratio of the peak floor acceleration of the structural fuse system, PFASF, with respect to
the peak floor acceleration of the bare frame, PFABF, is plotted in Figure 5.11.  Note that
the amplification of the acceleration due to the addition of a structural fuse is sensitive to
α values, especially for α = 0.05 when T $ 1.0 s, where it can be up to an order of
magnitude larger in some cases.  Recall from Figure 3.3b that in systems with small
values of α, the frame contributes little to the total shear capacity of the system. 
Therefore, these systems are likely to have a significant amplification of the floor
accelerations when metallic fuses are used.  As an example of consequences from this
observation, unsecured rigid nonstructural elements on the floor of these systems are
more susceptible to start sliding as the friction force is exceeded, because of larger
increases in the peak floor acceleration ratio (i.e., PFASF / PFABF >> 2), however, it is
recognized that sliding distance also depends on the impulsiveness of the excitation.
Finally, the ratio of the peak floor velocity of the structural fuse system with respect to
the peak floor velocity of the bare frame, PFVSF / PFVBF, is also plotted in Figure 5.12. 
Again, it may be noted that the floor velocity either remains unchanged or decreases in
most of the cases, except for α = 0.05 and T $ 1.0 s where an amplification up to 60% is
observed.
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Figure 5.11.  Ratio of the Peak Floor Acceleration of Structural Fuse Systems with
respect of the Peak Floor Acceleration of Bare Frames
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Figure 5.12.  Ratio of the Peak Floor Velocity of Structural Fuse Systems with respect of
the Peak Floor Velocity of Bare Frames
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As a case study to illustrate in more details the above results, a SDOF system designed
with buckling-restrained braces to satisfy the structural fuse concept was selected from
the results presented in Table 4.8.  The frame is a single-story one-bay structure
composed of W14 x 211 columns and a W12 x 190 beam, with buckling-restrained
braces made of rectangular plates (57 x 25 mm) in a chevron configuration.  Design
parameters for this example (obtained directly from Table 4.8) are: α = 0.25, μmax = 5.04,
η = 0.40, and T = 0.53 s.  In this case study, results obtained from time history analysis
(or directly read from charts on Figures 5.1 to 5.12) indicate that floor spectral
acceleration, Sa, and floor spectral velocity, Sv, are 0.40 g and 484 mm/s, respectively. 
Prior to adding the buckling-restrained braces, properties of the system were ηf = 0.52
and Tf = 1.04 s.  Figures 5.4 and 5.8 show that Sa and Sv on the bare frame are
respectively 0.32 g and 728 mm/s; the figures also show the aforementioned results for
the buckling-restrained braced system.  In this particular example, it may be noted that
adding buckling-restrained braces to the system result in an increase of 25% in the floor
acceleration, and a reduction of 33% in the floor velocity (i.e., PFASF / PFABF = 1.25, and
PFVSF / PFVBF = 0.67).
5.3. Floor Spectra
Floor acceleration response histories of SDOF systems have been taken as the input
signal to generate elastic floor acceleration and velocity spectra, to analyze the response
of nonstructural components attached to the floor of bare frame systems, and structures
designed with metallic fuses.  A damping ratio of 5% was selected for this study.
Floor spectra were generated for systems with elastic periods arbitrarily selected as 0.25
s, 0.50 s, and 1.0 s.  From Table 4.1, η values were selected to satisfy the structural fuse
concept for systems with μmax $ 5, which is the range of target parameters recommended
in Section 4 to have a satisfactory seismic performance.  Accordingly, floor spectra were
143
(5.2)
generated for systems having η = 0.6, 0.4, and 0.2, for the selected periods of 0.25 s,
0.50 s, and 1.0 s, respectively.
Figures 5.13 to 5.15 show the floor acceleration spectra, Sanc, for the selected structural
fuse systems, and their corresponding bare frame systems, where the subscript “nc”
denotes “nonstructural component.”  In these plots, the horizontal axis corresponds to the
elastic period of the nonstructural components, Tnc, since floor spectra were built to
analyze the response of secondary elements attached to the floor of the primary structure. 
Note that, even though peak floor acceleration was found to increase in most of the cases,
in floor acceleration spectra, two regions are defined by the critical period of the
nonstructural component, Tc, where both spectra intersect.  Nonstructural elements with a
period shorter than this critical period are subjected to acceleration demands greater in
structural fuse systems, than in the corresponding bare frame; whereas for components
with a period longer than critical, the acceleration demand decreases for structural fuse
systems.  Approximately, the critical period, Tc, may be determined as the average
between the period of the bare frame, Tf, and the period of the structural fuse system, T. 
Using (5.1), Tc may be calculated as:
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Figure 5.13.  Floor Acceleration Spectra of Structural Fuse Systems and Bare Frames for
T = 0.25 s, and η = 0.6
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Figure 5.14.  Floor Acceleration Spectra of Structural Fuse Systems and Bare Frames for
T = 0.50 s, and η = 0.4
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Figure 5.15.  Floor Acceleration Spectra of Structural Fuse Systems and Bare Frames for
T = 1.0 s, and η = 0.2
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Table 5.1 shows the approximate values of Tc calculated using (5.2) for the set of α, and
T values used in this study, as well as the actual values of Tc for the cases considered, and
the percentage difference between these values.  On average, the approximate equation
gives results within 17% of the actual ones, with some results differing by as much as
51%.
Table 5.1.  Approximately Critical Period, Tc, for Acceleration using the Average
Equation
μmax \ α 0.05 0.25 0.50
TC (s) Diff. TC (s) Diff. TC (s) Diff.
Actual % Actual % Actual %
(1) (2) (3) (4) (5) (6) (7)
T = 0.25 s,   η = 0.60
TC (s) = 0.68 TC (s) = 0.38 TC (s) = 0.30
10 0.83 18% 0.36 6% 0.28 7%
5 1.11 39% 0.42 10% 0.28 7%
2.5 N/A N/A 0.56 32% 0.33 9%
1.67 N/A N/A 0.77 51% 0.38 21%
T = 0.50 s,   η = 0.40
TC (s) = 1.37 TC (s) = 0.75 TC (s) = 0.60
10 1.55 12% 0.77 3% 0.56 7%
5 1.83 25% 0.77 3% 0.62 3%
2.5 N/A N/A 0.91 18% 0.67 10%
1.67 N/A N/A 1.00 25% 0.71 15%
T = 1.00 s,   η = 0.20
TC (s) = 2.74 TC (s) = 1.50 TC (s) = 1.21
10 3.33 18% 1.50 0% 0.91 33%
5 3.33 18% 1.60 6% 1.11 9%
2.5 N/A N/A 2.00 25% 1.25 3%
1.67 N/A N/A 2.20 32% 1.67 28%
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Floor velocity spectra, Svnc, are shown in Figures 5.16 to 5.18 for the selected structural
fuse systems, along with their corresponding bare frame systems.  As was observed in
floor acceleration spectra, in floor velocity spectra, regions of increases and decreases in
the velocity demands are delimited by the critical period, Tc.  Likewise, nonstructural
elements with a period shorter than the critical period are subjected to velocity demands
greater in structural fuse systems, than in the corresponding bare frame; whereas for
components with a period longer than the critical, the velocity demand decreases for
structural fuse systems.  In Table 5.2 a comparison between actual values of Tc and
approximate values calculated using (5.2) is shown for the spectral velocity case.  On
average, the approximate equation gives results within 19% of the actual ones, with some
results differing by as much as 54%.
Table 5.2.  Approximately Critical Period, Tc, for Velocity using the Average Equation
μmax \ α 0.05 0.25 0.50
TC (s) Diff. TC (s) Diff. TC (s) Diff.
Actual % Actual % Actual %
(1) (2) (3) (4) (5) (6) (7)
T = 0.25 s,   η = 0.60
TC (s) = 0.68 TC (s) = 0.38 TC (s) = 0.30
10 0.91 25% 0.38 0% 0.30 0%
5 1.43 52% 0.42 10% 0.30 0%
2.5 N/A N/A 0.56 32% 0.30 0%
1.67 N/A N/A 0.83 54% 0.38 21%
T = 0.50 s,   η = 0.40
TC (s) = 1.37 TC (s) = 0.75 TC (s) = 0.60
10 1.70 19% 0.77 3% 0.56 7%
5 2.10 35% 0.83 10% 0.62 3%
2.5 N/A N/A 0.91 18% 0.67 10%
1.67 N/A N/A 1.11 32% 0.71 15%
T = 1.00 s,   η = 0.20
TC (s) = 2.74 TC (s) = 1.50 TC (s) = 1.21
10 2.60 5% 1.55 3% 1.00 21%
5 3.33 18% 1.67 10% 1.00 21%
2.5 N/A N/A 2.10 29% 1.25 3%
1.67 N/A N/A 2.50 40% 1.67 28%
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Figure 5.16.  Floor Velocity Spectra of Structural Fuse Systems and Bare Frames for
T = 0.25 s, and η = 0.6
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Figure 5.17.  Floor Velocity Spectra of Structural Fuse Systems and Bare Frames for
T = 0.50 s, and η = 0.4
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0 0.5 1 1.5 2
Figure 5.18.  Floor Velocity Spectra of Structural Fuse Systems and Bare Frames for
T = 1.0 s, and η = 0.2
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From the results presented in Tables 5.1 and 5.2, a regression analysis was performed to
obtain a more accurate closed form solution to determine the critical period, Tc.  The
following equations were obtained from the analysis:
where
Tables 5.3 and 5.4 show the results from the regression analysis, along with a comparison
between approximate and actual values of Tc.  It was found from the results that closed
form solutions have an average error of 4% and 9% for spectral acceleration and velocity,
respectively, with some results differing by as much as 14% and 22%, respectively.  This
more complex formulation provides substantial improvement over the results from (5.2),






Table 5.3.  Approximately Critical Period, Tc, for Acceleration using Regression
Analysis
μmax \ α 0.05 0.25 0.50
TC (s) TC (s) Diff. TC (s) TC (s) Diff. TC (s) TC (s) Diff.
Actual Approx. % Actual Approx. % Actual Approx. %
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)
T = 0.25 s,   η = 0.60
10 0.83 0.83 0% 0.36 0.34 6% 0.28 0.27 5%
5 1.11 1.11 0% 0.42 0.45 8% 0.28 0.30 7%
2.5 N/A N/A N/A 0.56 0.60 8% 0.33 0.34 3%
1.67 N/A N/A N/A 0.77 0.71 8% 0.38 0.36 4%
T = 0.50 s,   η = 0.40
10 1.55 1.55 0% 0.77 0.75 2% 0.56 0.56 0%
5 1.83 1.83 0% 0.83 0.84 1% 0.62 0.62 0%
2.5 N/A N/A N/A 0.91 0.93 2% 0.67 0.67 0%
1.67 N/A N/A N/A 1.00 0.99 1% 0.71 0.71 0%
T = 1.00 s,   η = 0.20
10 3.33 2.96 11% 1.50 1.45 3% 0.91 0.89 2%
5 3.33 3.80 14% 1.60 1.70 6% 1.11 1.11 0%
2.5 N/A N/A N/A 2.00 1.98 1% 1.25 1.37 10%
1.67 N/A N/A N/A 2.20 2.17 1% 1.67 1.56 7%
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Table 5.4.  Approximately Critical Period, Tc, for Velocity using Regression Analysis
μmax \ α 0.05 0.25 0.50
TC (s) TC (s) Diff. TC (s) TC (s) Diff. TC (s) TC (s) Diff.
Actual Approx. % Actual Approx. % Actual Approx. %
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)
T = 0.25 s,   η = 0.60
10 0.91 0.83 9% 0.38 0.34 11% 0.30 0.27 11%
5 1.43 1.11 22% 0.42 0.45 8% 0.30 0.30 0%
2.5 N/A N/A N/A 0.56 0.60 8% 0.30 0.34 13%
1.67 N/A N/A N/A 0.83 0.71 14% 0.38 0.36 4%
T = 0.50 s,   η = 0.40
10 1.70 1.55 9% 0.77 0.75 2% 0.56 0.56 0%
5 2.10 1.83 13% 0.83 0.84 1% 0.62 0.62 1%
2.5 N/A N/A N/A 0.91 0.93 2% 0.67 0.67 0%
1.67 N/A N/A N/A 1.11 0.99 11% 0.71 0.71 0%
T = 1.00 s,   η = 0.20
10 2.60 2.96 14% 1.55 1.45 6% 1.00 0.89 11%
5 3.33 3.80 14% 1.67 1.70 2% 1.00 1.11 11%
2.5 N/A N/A N/A 2.10 1.98 6% 1.25 1.37 10%
1.67 N/A N/A N/A 2.50 2.17 13% 1.67 1.56 7%
Figures 5.13 to 5.18 demonstrate that, in a retrofit situation, the seismic behavior of the
nonstructural components may (or may not) be improved with the addition of metallic
dampers to the structural system.  Positive or negative results may be obtained,
depending on the dynamic characteristics of the nonstructural elements, relative to the
properties of the retrofitted system.
For example, for the case study described in Section 5.2, the critical period is
approximately equal to 0.83 s (see Figures 5.14 and 5.17).  In this case, nonstructural
components with an elastic period less than 0.83 s would experience an increase in
acceleration and velocity by the addition of metallic dampers.  On the other hand,
components having a period greater than 0.83 s are more likely to be subjected to lower




5.4. Equivalent Sine-wave Floor Spectra
Seismic performance of nonstructural components is an area of importance and
increasing concern in earthquake engineering, and many studies have been devoted to
estimate the seismic demand on these secondary systems (e.g., Manolis and Juhn, 1988;
Cheng and Soong, 1989; Grigoriu et al., 1990; Lai and Soong, 1990; Singh et al., 1998;
Grigoriu and Waisman, 1998, to name a few).
In Section 5.3, some floor response spectra for structures retrofitted using structural fuses
were developed, and could be used to design nonstructural components and/or their
anchorages.  This section investigates whether an equivalent sine-wave floor acceleration
response history could be used as a simplified way to generate acceleration and velocity
spectra for that purpose.  This method is based on a cascade analysis, in which only the
effects of the primary system are considered, and the possible influences of the
nonstructural components on the primary system are ignored (Ibrahim et al., 1989).
The dynamic response of a nonstructural component attached to the floor of a structural
fuse system can be obtained through the following expression:
where, again, the subscript “nc” denotes “nonstructural component”, and üF is the floor
acceleration (i.e., the input signal exciting the nonstructural component).  Substituting an
equivalent harmonic sine-wave motion for üF gives, after arranging terms:
where ξnc, Tnc, are the damping ratio and the period of the nonstructural component,
respectively, and PFAeff is the effective peak floor acceleration, defined here as the
average of the absolute values of the peaks of the floor acceleration response history,
between the first and last exceedances of a threshold acceleration (arbitrarily set at 25%
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of the maximum floor acceleration in this study).  Results for effective peak floor
acceleration in Table 5.5 using this procedure, indicate that PFAeff may be conservatively
determined as 50% of the peak floor acceleration (i.e., PFAeff . 0.50 Sa).  Figures 5.19
and 5.20 show, respectively, the first 20 seconds of an actual floor acceleration response
history, and its equivalent sine-wave floor acceleration response history generated per the
above procedure.
Table 5.5.  Ratio of Effective Peak Floor Acceleration with respect to Spectral
Acceleration
μmax \ α 0.05 0.25 0.50
Sa PFAeff PFAeff/Sa Sa PFAeff PFAeff
/Sa Sa PFAeff PFAeff
/Sa
(g) (g) (g) (g) (g) (g)
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)
T = 0.25 s,   η = 0.60
10 0.490 0.231 0.472 0.609 0.250 0.410 0.793 0.299 0.377
5 0.490 0.232 0.474 0.609 0.250 0.410 0.793 0.299 0.377
2.5 0.467 0.230 0.493 0.545 0.244 0.448 0.665 0.275 0.413
1.67 0.457 0.227 0.497 0.481 0.243 0.505 0.528 0.256 0.484
T = 0.50 s,   η = 0.40
10 0.308 0.166 0.538 0.403 0.181 0.448 0.575 0.221 0.385
5 0.308 0.166 0.538 0.403 0.181 0.448 0.575 0.221 0.385
2.5 0.301 0.165 0.546 0.367 0.179 0.489 0.454 0.198 0.437
1.67 0.299 0.166 0.555 0.327 0.172 0.525 0.365 0.190 0.520
T = 1.00 s,   η = 0.20
10 0.158 0.092 0.583 0.204 0.097 0.474 0.277 0.125 0.453
5 0.157 0.092 0.584 0.204 0.096 0.470 0.277 0.125 0.453
2.5 0.153 0.092 0.599 0.185 0.096 0.518 0.227 0.111 0.491






















































Figure 5.20.  Equivalent Sine-Wave Floor Acceleration Response History of a SDOF




Closed form solutions for the spectral acceleration, Sanc, and velocity, Svnc, of
nonstructural components for the equivalent sine-wave floor acceleration may be
obtained from (5.8) through the following equations:
Figures 5.21 to 5.26 show actual acceleration and velocity spectra for the studied cases,
along with the sine-wave response obtained from (5.9) and (5.10), assuming a damping
ratio of 5% for the nonstructural components (i.e., ξnc = 5%). 
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0 0.5 1 1.5 2
Figure 5.21.  Actual Acceleration Response Spectra vs Sine-wave Acceleration
Response Spectra for T = 0.25 s, and η = 0.6
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Figure 5.22.  Actual Acceleration Response Spectra vs Sine-wave Acceleration
Response Spectra for T = 0.5 s, and η = 0.4
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Figure 5.23.  Actual Acceleration Response Spectra vs Sine-wave Acceleration
Response Spectra for T = 1.0 s, and η = 0.2
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Figure 5.24.  Actual Velocity Response Spectra vs Sine-wave Velocity Response Spectra
for T = 0.25 s, and η = 0.6
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0 0.5 1 1.5 2
Figure 5.25.  Actual Velocity Response Spectra vs Sine-wave Velocity Response Spectra
for T = 0.5 s, and η = 0.4
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Figure 5.26.  Actual Velocity Response Spectra vs Sine-wave Velocity Response Spectra






Usually, dynamic properties of nonstructural components are unknown or difficult to
obtain.  Conservatively, in those cases it is recommended to design the nonstructural
components and/or their anchorages for the maximum Sanc, and Svnc (i.e., when Tnc = T)
calculated from the following equations:
where ξnc shall be estimated from experimental data (if available) and engineering
judgement.  In multi-degree of freedom systems, a modal distribution may be used to
determine acceleration and velocity demands for nonstructural components located at a
specific degree of freedom, i, and (5.11) and (5.12) become:
As an example, the case study from Section 5.2 will be subjected to a peak floor
acceleration of 0.40 g at the roof level (Figure 5.1).  Conservatively, taking an effective
peak floor acceleration of 0.50 Sa, and assuming a damping ratio of 5% (i.e., PFAeff =
0.20 g, and ξnc = 5%), a nonstructural component located at mid-height of the building
(i.e., assuming Γ1φ1i = 0.5), may be conservatively designed to resist an acceleration,




Floor accelerations and velocities for SDOF systems with metallic fuses have been
studied in this section through a parametric analysis.  It was found that, in most of the
cases, floor acceleration increases when using metallic fuses, although there are a few
cases where acceleration demands were found to marginally decrease (i.e., α = 0.5 and
μmax = 10).
It was also found that the critical period, Tc, is an useful indicator to identify when using
metallic fuses can increase or decrease the dynamic acceleration and velocity response of
nonstructural components.  It was observed that nonstructural elements having a period
shorter than Tc may be susceptible to greater acceleration (which would increase their
likelihood of sliding on their support if unrestrained, for example), and greater velocity
(which would for example increase their probability of overturning) when metallic fuses
are added.  On the other hand, it was found that retrofit works may improve the seismic
behavior of flexible nonstructural components that have a period longer than Tc; however,
adequate judgement must be exercised in retrofitting these elements.
Furthermore, using the equivalent sine-wave criterion, it is also possible to determine
spectral acceleration and velocity to conservatively design nonstructural components
and/or their anchorages.  This criterion may be applied to multi-degree of freedom




RESPONSE OF HYBRID SINGLE DEGREE OF FREEDOM
SYSTEMS WITH METALLIC AND VISCOUS DAMPERS
6.1. Introduction
In Section 5 it was found that, in most of the cases, the use of metallic damper causes
increases in floor accelerations, which may negatively affect the seismic behavior of
nonstructural components.  Based on these results, Section 6 investigates the seismic
performance of SDOF systems with metallic and viscous dampers installed in parallel. 
The purpose of this section is, therefore, to analyze the alternative of using hysteretic
dampers to mitigate lateral displacements, along with viscous dampers to reduce
acceleration demands.
Fluid dampers have been widely studied, and recently, significant efforts have been
directed to implement these devices in structural systems (Soong and Dargush, 1997). 
Fluid dampers generally work on the principle of energy dissipation of incompressible
fluids forced to flow through orifices (Constantinou and Symans, 1992).  In viscous
(linear) dampers, the damping force, Fd, is proportional to the velocity of motion, ,
according to the following expression:
which is used in applications of structural engineering to design systems against wind or
earthquake loads, and is the expression used in this study.  In some special applications,
nonlinear dampers have been implemented according to:
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(6.2)
where a takes values between 0.3 and 2.0.  According to Hanson and Soong (2001), small
values of a (i.e., a # 0.5) are effective to mitigate high-velocity shocks, such as isolation
of military hardware.
Parametric analyses of hysteretic damping and spectral acceleration are presented for
short, intermediate, and long period structures.  Furthermore, response in the frequency
domain is also shown as graphics of inertial, viscous damper, and hysteretic forces
represented in the complex plane.  These results are used to provide a preliminary
assessment of the effectiveness of using metallic and viscous dampers in parallel to
reduce floor accelerations.
6.2. Equivalent Viscous Damping (Hysteretic Damping)
In many structural analyses such as the Nonlinear Static Procedure (FEMA 356), the
dynamic characteristics of a structure having hysteretic dampers are transformed to an
effective period, Teff, which is obtained from the secant or effective stiffness, Keff, of the
combined system (i.e., bare frame plus dampers) to the point of maximum displacement,
and an equivalent viscous damping (a.k.a hysteretic damping), ξh, both determined from
specific hysteresis loops as obtained per the time history analyses described in Section
3.4 for the parametric study considered here.  Generally, the hysteretic damping for a
metallic damper is obtained by setting the area within a hysteresis loop equal to the area
within a viscous damper cycle, provided that the area contained within one cycle of
motion is the energy dissipated per cycle (Hanson and Soong, 2001).
Consequently, the hysteretic damping, ξh, may be determined from the following




where qh is the quality factor, taken as 1.0 for bilinear systems, and Vyf, Vyd, μ, and μf,
have been defined previously in Sections 3.2 and 3.4.  Substituting qh = 1.0,
Vyd = Vy (1 ! α), and Vyf = Vy α μmax into (6.3), gives:
which is the expression used in this study.  Derivation of these two equations are in
Appendix B.  Note that for μ < 0 (and therefore, μf < 0), the system remains elastic,
which translates into no dissipation of energy through hysteretic behavior and, therefore,
no hysteretic damping is developed (i.e., ξh = 0).
6.3. Parametric Analysis of Hysteretic Damping
A parametric study was conducted to analyze how the hysteretic damping, ξh, is affected
by increasing the viscous damping, Δξv, in SDOF systems with structural fuses.  Short,
intermediate, and long period structures (T = 0.25 s, 0.50 s, and 1.50s, respectively) were
then analyzed for increases in viscous damping of 0%, 5%, 15%, and 25% from a base
value of 5%.  Hysteretic damping was determined using (6.4), for a given set of
parameters, and the values of global ductility, μ, and frame ductility, μf, obtained from
the system response.
Figures 6.1 to 6.3 show how the hysteretic damping, ξh, decreases with increases in
viscous damping, Δξv, for system periods of 0.25 s, 0.50 s, and 1.50 s, respectively. This
is because the hysteretic damping is proportional to the ductility demand, which
decreases with increases in viscous damping.  Since hysteretic damping is directly
170
proportional to ductility demand, all the observed relationships between demand and key
parameters (i.e.,  α, μmax, η, and T) can explain how hysteretic damping relates to the
same key parameters.  For instance, in Section 3, it was found that increases in both α
and μmax result in decreases in the ductility demand for systems without viscous dampers,
which lead to a significant reduction in the hysteretic damping.
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Figure 6.1.  Hysteretic Damping vs Increase in Viscous Damping for T = 0.25 s
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Figure 6.2.  Hysteretic Damping vs Increase in Viscous Damping for T = 0.50 s
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Figure 6.3.  Hysteretic Damping vs Increase in Viscous Damping for T = 1.50 s
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It was also observed in Section 3, that the ductility demand reduces with increases in η
and T, which again, result in decreases in the hysteretic damping (see Figures 3.8 and
3.9).  Note that the largest values of hysteretic damping were obtained for systems having
small values of α, μmax, η, and T; whereas the smallest values of hysteretic damping were
obtained for large values of these parameters.  For example, in a short period system
(T = 0.25 s) with α = 0.05, μmax = 2.5, and η = 0.4, the hysteretic damping reduces from
62% to 55% when viscous damping is increased by 25% (Figure 6.1).  On the other hand, 
in a long period system (T = 1.50 s) with α = 0.50, μmax = 5, and η = 0.6, the hysteretic
damping reduces from 1% to 0% when viscous damping is increased by 5% (Figure 6.3),
as the system becomes elastic and remains elastic even if viscous damping is further
increased.
In Figures 6.4 to 6.6, the ratio of the hysteretic damping with respect to the hysteretic
damping of the original system, ξh / ξho, is plotted versus the increase in viscous damping,
Δξv.  In this section, the system that was studied in previous sections for a viscous
damping of 5%, along with its corresponding hysteretic damping, ξho, is called the
“original system.”  Figures 6.4 to 6.6 show how “fast” the hysteretic damping is reduced
by increases in the viscous damping due to decreases in the ductility demand (see (6.4)). 
Note that in long period systems the hysteretic damping reduces “faster” to the level of
elastic response (i.e., ξh = 0), than in short period structures.  This is because the ductility
demand has smaller values for long period original systems, and therefore, small
increases in viscous damping can make the structure respond elastically (see Figure 6.6).
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Figure 6.4.  Ratio of Hysteretic Damping with Respect to Original Hysteretic Damping
vs Increase in Viscous Damping for T = 0.25 s
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Figure 6.5.  Ratio of Hysteretic Damping with Respect to Original Hysteretic Damping
vs Increase in Viscous Damping for T = 0.50 s
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0.0 0.1 0.2 0.3
Figure 6.6.  Ratio of Hysteretic Damping with Respect to Original Hysteretic Damping




Furthermore, in Figures 6.7 to 6.9, the ratio of total damping, ξt, with respect the total
damping of the original system, ξto, is plotted vs the increase in viscous damping, Δξv. 
Total damping is determined summing the contributions from viscous and hysteretic
damping, using the following expressions:
Because hysteretic damping decreases non-linearly with increases in viscous damping,
the total damping, ξt, calculated using (6.6), may result in a gain or loss of equivalent
damping, depending on the relative values of Δξh and Δξv.  In Figures 6.7 to 6.9, a value
of ξt / ξto > 1.0 corresponds to a gain of total damping (i.e., Δξv > *Δξh*).  Unlike the
hysteretic damping, the total damping increases with the values of α, μmax, and T.  Note
also that for short and intermediate period systems having α # 0.25 and μmax$ 5,
increases in viscous damping tend to be compensated by decreases in hysteretic damping
(i.e., Δξv . *Δξh*), and therefore, no gain of total damping is appreciated.  On the other
hand, in long period structures, significant gains of total damping are consistently
observed (i.e., Δξv >> *Δξh*), since elastic behavior of the system is “quickly” achieved
by increases in viscous damping (i.e., ξh = 0).  For example, in a short period system
(T = 0.25 s) with α = 0.05, μmax = 2.5, and η = 0.4, the total damping increases by a factor
of 1.28 when viscous damping is increased by 25% (Figure 6.7).  On the other hand,  in a
long period system (T = 1.50 s) with α = 0.50, μmax = 5, and η = 0.6, the total damping
increases by a factor of 4.76 when viscous damping is increased by 25% (Figure 6.9).
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Figure 6.7.  Ratio of Total Damping with Respect to Original Damping vs Increase in
Viscous Damping for T = 0.25 s
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Figure 6.8.  Ratio of Total Damping with Respect to Original Damping vs Increase in
Viscous Damping for T = 0.50 s
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Figure 6.9.  Ratio of Total Damping with Respect to Original Damping vs Increase in
Viscous Damping for T = 1.50 s
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6.4. Parametric Analysis of Spectral Acceleration
A parametric study was conducted to analyze how floor accelerations are affected by
increases in viscous damping in SDOF systems with metallic fuses, using the set of
synthetic earthquakes and parameters established in previous sections.
In Figures 6.10 to 6.12, response was plotted as a ratio of floor spectral acceleration, Sa,
with respect to the floor spectral acceleration of the original system, Sao, for systems with
periods of 0.25 s, 0.50 s, and 1.50 s, respectively.  It may be noted that for short and
intermediate period systems, the spectral acceleration increases with viscous damping,
except for large values of α and μmax (i.e., α = 0.5 and μmax =5), where a reduction in
spectral acceleration may be seen for values of η $ 0.4.  For example, in a short period
system (T = 0.25 s) with α = 0.05, μmax = 2.5, and η = 0.4, the spectral acceleration
increases by a factor of 1.51 when viscous damping is increased by 25%.  However, in a
short period system (T = 0.25 s) with α = 0.50, μmax = 5, and η = 0.6, the spectral
acceleration is reduced by 28% when viscous damping is increased by 25% (see
Figure 6.10).
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Figure 6.10.  Ratio of Floor Spectral Acceleration with Respect to Original Floor
Spectral Acceleration vs Increase in Viscous Damping for T = 0.25 s
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Figure 6.11.  Ratio of Floor Spectral Acceleration with Respect to Original Floor
Spectral Acceleration vs Increase in Viscous Damping for T = 0.50 s
185
μmax \ α 0.05 0.25 0.5
10
5












































































0.0 0.1 0.2 0.3
Figure 6.12.  Ratio of Floor Spectral Acceleration with Respect to Original Floor
Spectral Acceleration vs Increase in Viscous Damping for T = 1.50 s
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On the other hand, for long period structures (Figure 6.12), the spectral acceleration
generally decreases with increases in the viscous damping, except for small η values (i.e.,
η = 0.2).  These results agree with the fact that, for long period systems, the total
damping substantially increases with viscous damping, since the reduction in hysteretic
damping is insignificant (i.e., Δξh . 0, and Δξv >> *Δξh*).  For example, in a long period
system (T = 1.50 s) with α = 0.05, μmax = 2.5, and η = 0.4, the spectral acceleration
reduces by 18% when viscous damping is increased by 25%.  However, in a long period
system (T = 1.50 s) with α = 0.50, μmax = 5, and η = 0.2, the spectral acceleration slightly
increases by 9% when viscous damping is increased by 25% (see Figure 6.12).
Figures 6.13 to 6.15 show the relationship between Sa / Sao and global ductility, μ,
recalling that both are affected by increases in viscous damping (i.e., the highest value of
μ in every curve corresponds to Δξv = 0, and the lowest one corresponds to Δξv = 25%). 
Note that original systems that respond with a ductility approximately equal to two (i.e.,
μ . 2 for Δξv = 0), are more likely to have a reduction in acceleration demands by
increases in viscous damping.  This is because systems that have small ductility demands
can be changed into systems that behave elastically by adding more viscous damping.  In
other words, adding viscous damping is effective in reducing accelerations and
displacements response of systems that behave elastically, or that can be modified such
as to behave elastically (Chopra, 2001).  For example, in a long period system
(T = 1.50 s) with α = 0.50, μmax = 5, and η = 0.4, the global ductility, μ, reduces from
1.51 to 0.68, and the spectral acceleration is reduced by 29% when viscous damping is
increased by 25% (see Figure 6.15).  Subsequent sections are devoted to further
investigate the relationship between viscous damping and acceleration response of elastic
an inelastic systems.
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Figure 6.13.  Ratio of Floor Spectral Acceleration with Respect to Original Floor
Spectral Acceleration vs Global Ductility for T = 0.25 s
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Figure 6.14.  Ratio of Floor Spectral Acceleration with Respect to Original Floor
Spectral Acceleration vs Global Ductility for T = 0.50 s
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Figure 6.15.  Ratio of Floor Spectral Acceleration with Respect to Original Floor






As previously mentioned, the main purpose of this section is to  investigate whether
using viscous fluid dampers in parallel with metallic dampers can simultaneously reduce
lateral displacements and floor accelerations.  Although lateral displacement always
decreases when using metallic, viscous, or both kind of dampers acting together, it was
found (in previous section) that floor acceleration increases in most of the considered
cases, even for systems designed with large viscous damping (except for cases where α $
0.5 and μmax $ 10).  This section focuses on studying the hysteretic response of short,
intermediate, and long period systems, using the lowest and highest values of η from
previous analyses (i.e., η = 0.2 and η = 1.0), along with several levels of viscous
damping (i.e., 5%, 10%, 20%, and 30%), to understand the reason for these observed
increases in acceleration.
Using d’Alembert’s principle, it is possible to express the equation of motion of a SDOF
system as an equation of dynamic equilibrium (Clough and Penzien, 1993).  Therefore,
for a SDOF subjected to ground excitation, the equation of motion may be written as:
where Fi is the inertial force, calculated as:
Fd is the viscous damper force calculated using (6.2), and Fs is the sum of the metallic
damper force and the structural frame force, called here the hysteretic force, determined
according to the following expression:
where all variables are defined in Figure 3.2.  Note that for undamped systems (i.e.,
Fd = 0), the inertial and hysteretic forces must be equal and opposite to satisfy the
191
dynamic equilibrium of (6.7).  In damped systems, increases in viscous damping result in
decreases in the lateral displacement, u, and therefore, decreases in the hysteretic force,
Fs, according to (6.9) (assuming that the system is designed such that u < Δyf, which is
required to satisfy the structural fuse concept).  Consequently, acceleration demand, ü,
may increase (or decrease) to satisfy the dynamic equilibrium.  The resultant increase or
decrease in the inertial force depends on the increase in Fd value relative to the decrease
in the value of Fs.  For instance, if ΔFd > |ΔFs| then Δü > 0 (i.e., acceleration increases),
and if ΔFd < |ΔFs| then Δü < 0 (i.e., acceleration decreases).
Figures 6.16 to 6.39 show the superposed hysteresis loops for the inertial force and
hysteretic force normalized with respect to the yield point (Vy, Δy), for systems with T =
0.25 s, 0.50 s, and 1.50 s; η = 0.2, and 1.0; and viscous damping of 5%, 10%, 20%, and
30%.  The difference between the curves is equal to the viscous damper force, Fd.  Note
that when the maximum displacement is reached (i.e., ) the values of both curves
coincide (i.e., | Fi | = | Fs |).  Maximum difference between the curves is obtained when
u = 0 (i.e., maximum velocity), since the hysteretic force has its minimum value at this
point.  For elastic systems (i.e., u < Δya), when u = 0, Fs = 0, the inertial force and the
damping force are equal (i.e., | Fi | = | Fd |).
Note that for systems that behave inelastically and for which the frame remains elastic
(i.e.,  Δya # u < Δyf), the stiffness ratio, α, has a significant influence on the acceleration
demand, since Fs = Vy + α K1 ( u - Δya) in this region.  Since Fs . Vy in systems with small
values of α, a reduction in the hysteretic force when viscous damping is added is not
significant.  On the other hand, Fs may be significantly reduced in systems with large
values of α, when maximum displacement decreases by the addition of viscous damping. 
For example, in a system with T = 0.5 s, η = 0.2, α = 0.05, μmax = 10 (Figs. 6.24 to 6.27),
the hysteretic force remains almost constant (i.e., ΔFs .0), and the acceleration demand
consequently increases by about 60%, when 25% of extra viscous damping is added.  For
the same system, but with α = 0.50 instead, Fs is reduced by 40% when 25% of viscous
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damping is added (i.e., ΔFd < |ΔFs|), and accordingly, the acceleration demand decreases
by about 30%.
Also, it may be noted that for elastic systems (i.e., Fs = K1 u), the displacement and
acceleration demands both decrease by increasing the viscous damping, since the
decrease in the hysteretic force is always larger than the increase in the viscous damper
force (i.e.,  ΔFd < |ΔFs| ).  For example, in a system with T = 1.50 s, η = 1.0, α = 0.25,
μmax = 2.5 (Figures 6.36 to 6.39), the hysteretic force reduces by 40% when 25% of
viscous damping is added (i.e., ΔFd < |ΔFs|), and the acceleration demand accordingly
decreases by about 50%.
These results corroborate the fact that the addition of viscous damping is effective in
reducing the displacements and acceleration demands of elastic or near-elastic (e.g.,
α = 0.5) systems, but is ineffective (and in fact detrimental) for nonlinear systems. 
However, metallic dampers with elastic behavior are not effective, since they only
provide additional stiffness to reduce lateral displacements, which is something that
could be done just as well with conventional structural elements, as mentioned in Section
3.
Ramirez et al. (2000) proposed the following expression to approximate the maximum
acceleration, Amax, in inelastic systems with viscous damping devices:
where A is the acceleration at the point of maximum displacement, CF1 and CF2 are the
load combination factors to calculate the response at the time of maximum acceleration,
βveff is the effective viscous damping, and λ is a parameter calculated as:




a = 1), λ = π, CF1 = 1.0, CF2 = sin δ, and δ = 2βveff, and Eq. 6.10 becomes:
For instance, in an inelastic system with 30% of effective viscous damping, the maximum
acceleration increases in about 33% with respect to the acceleration at the point of
maximum displacement.  Comparing the values predicted by Eq. 6.12 with the results
obtained in this study (Figs. 6.16 to 6.39) it is observed that Eq. 6.12 can be accurate to
estimate the increase in the maximum acceleration for intermediate to large values of the
stiffness ratio (i.e., 0.25 < α < 0.50).  However, some discrepancies were observed for
systems with low stiffness ratio (i.e., α < 0.25).
(6.12)
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Figure 6.16.  Normalized Inertial and Hysteretic Loops for T = 0.25 s, η = 0.2, and 5% of
Viscous Damping
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Figure 6.17.  Normalized Inertial and Hysteretic Loops for T = 0.25 s, η = 0.2, and 10%
of Viscous Damping
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Figure 6.18.  Normalized Inertial and Hysteretic Loops for T = 0.25 s, η = 0.2, and 20%
of Viscous Damping
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Figure 6.19.  Normalized Inertial and Hysteretic Loops for T = 0.25 s, η = 0.2, and 30%
of Viscous Damping
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Figure 6.20.  Normalized Inertial and Hysteretic Loops for T = 0.25 s, η = 1.0, and 5% of
Viscous Damping
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Figure 6.21.  Normalized Inertial and Hysteretic Loops for T = 0.25 s, η = 1.0, and 10%
of Viscous Damping
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Figure 6.22.  Normalized Inertial and Hysteretic Loops for T = 0.25 s, η = 1.0, and 20%
of Viscous Damping
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Figure 6.23.  Normalized Inertial and Hysteretic Loops for T = 0.25 s, η = 1.0, and 30%
of Viscous Damping
202















































































-10 -5 0 5 10
Figure 6.24.  Normalized Inertial and Hysteretic Loops for T = 0.50 s, η = 0.2, and 5% of
Viscous Damping
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Figure 6.25.  Normalized Inertial and Hysteretic Loops for T = 0.50 s, η = 0.2, and 10%
of Viscous Damping
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Figure 6.26.  Normalized Inertial and Hysteretic Loops for T = 0.50 s, η = 0.2, and 20%
of Viscous Damping
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Figure 6.27.  Normalized Inertial and Hysteretic Loops for T = 0.50 s, η = 0.2, and 30%
of Viscous Damping
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Figure 6.28.  Normalized Inertial and Hysteretic Loops for T = 0.50 s, η = 1.0, and 5% of
Viscous Damping
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Figure 6.29.  Normalized Inertial and Hysteretic Loops for T = 0.50 s, η = 1.0, and 10%
of Viscous Damping
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Figure 6.30.  Normalized Inertial and Hysteretic Loops for T = 0.50 s, η = 1.0, and 20%
of Viscous Damping
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Figure 6.31.  Normalized Inertial and Hysteretic Loops for T = 0.50 s, η = 1.0, and 30%
of Viscous Damping
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Figure 6.32.  Normalized Inertial and Hysteretic Loops for T = 1.50 s, η = 0.2, and 5% of
Viscous Damping
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Figure 6.33.  Normalized Inertial and Hysteretic Loops for T = 1.50 s, η = 0.2, and 10%
of Viscous Damping
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Figure 6.34.  Normalized Inertial and Hysteretic Loops for T = 1.50 s, η = 0.2, and 20%
of Viscous Damping
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Figure 6.35.  Normalized Inertial and Hysteretic Loops for T = 1.50 s, η = 0.2, and 30%
of Viscous Damping
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Figure 6.36.  Normalized Inertial and Hysteretic Loops for T = 1.50 s, η = 1.0, and 5% of
Viscous Damping
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Figure 6.37.  Normalized Inertial and Hysteretic Loops for T = 1.50 s, η = 1.0, and 10%
of Viscous Damping
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Figure 6.38.  Normalized Inertial and Hysteretic Loops for T = 1.50 s, η = 1.0, and 20%
of Viscous Damping
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Figure 6.39.  Normalized Inertial and Hysteretic Loops for T = 1.50 s, η = 1.0, and 30%
of Viscous Damping
218
6.6. Analysis in the Frequency Domain
An alternative approach is proposed here to explain the observed accelerations on
inelastic systems with viscous damping devices.  Results from the systems studied in
Section 6.4 are analyzed in this section in the frequency domain.  Using the Fast Fourier
Transform (FFT) algorithm (Cooley and Tukey, 1965), response of the systems studied
parametrically here were transformed from the time domain to the frequency domain, in
which inertial, viscous damper, and hysteretic forces can be represented as rotational
vectors in the complex plane, as schematically shown in Figure 6.40 (a.k.a. Argand
diagrams (Clough and Penzien, 1993)).  Figure 6.40a shows a representation of the
equation of motion (see (6.10)) at a particular time during the earthquake time history. 
Note that the inertial force is the resultant from the ground motion component, müg, and
the component associated with the system response, mü.  Figure 6.40b shows that the
inertial force is equal to the resultant of the viscous damper and the hysteretic forces.  In
Figure 6.40c, it may be seen that the forces from the equation of motion form a closed
polygon of vectors, in which dynamic equilibrium must be satisfied at every particular
time.  It is important to note that the frequency domain analysis is an exact method for
linear systems subjected to harmonic loads (Clough and Penzien, 1993).  However, in
this particular study, the frequency domain analysis was used as an approximation to the
response because of the inelastic behavior of the system and the random characteristics of
the excitation.  Despite this, it was observed that the method produced reasonable
estimations of the response in the frequency domain.
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Based on the schematic representation depicted in Figure 6.40b, results on Argand
Diagrams are shown in Figures 6.41 to 6.64, for systems with T = 0.25 s, 0.50 s, and 1.50
s; η = 0.2, and 1.0; and viscous damping of 5%, 10%, 20%, and 30%.  Every plot
corresponds to the maximum value of inertial force obtained during the time history of
response, along with the corresponding viscous and hysteretic forces at that particular
time.  All the forces are normalized with respect to the inertial force (i.e., inertial force is
plotted as an unitary vector, and viscous and hysteretic forces are represented as fractions
of the inertial force), and the results from the frequency domain analysis were used to
determined the orientation of the vectors in the complex plane.
Note that for small viscous damping (i.e., 5%), the inertial force and the hysteretic force




















Figure 6.40.  Schematic Representation of Inertial, Viscous
Damper, and Hysteretic Forces: (a) Inertial Force Components; (b)
Dynamic Equilibrium; (c) Polygon of Forces
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the inertial force is considerably greater than the hysteretic force.  This vectorial addition
shows how a greater damping force can lead to the acceleration increases described in the
previous section.  Incidentally, this observation has been reported by some practitioners
that have considered using viscous dampers to retrofit buildings in selective case studies,
and have noticed increases in the floor accelerations if the structure remains inelastic
after the retrofit, but could not explain why (e.g., personal communication, Dr. Chris
Tokas, Manager, California Hospital Seismic Retrofit Program, State of California Office
of Statewide Health Planning and Development).
Finally, in Figures 6.65 to 6.70 a comparison is made between the response of a system
with 5% of viscous damping (shown as solid lines with the subscript “o” for the forces),
and a system with 30% of viscous damping (shown as dashed lines).  These results
further corroborate and explain the results presented in Section 6.3.
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Figure 6.41.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 0.25 s, η = 0.2, and 5% of Viscous Damping
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Figure 6.42.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 0.25 s, η = 0.2, and 10% of Viscous Damping
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Figure 6.43.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 0.25 s, η = 0.2, and 20% of Viscous Damping
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Figure 6.44.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 0.25 s, η = 0.2, and 30% of Viscous Damping
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Figure 6.45.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 0.25 s, η = 1.0, and 5% of Viscous Damping
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Figure 6.46.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 0.25 s, η = 1.0, and 10% of Viscous Damping
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Figure 6.47.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 0.25 s, η = 1.0, and 20% of Viscous Damping
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Figure 6.48.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 0.25 s, η = 1.0, and 30% of Viscous Damping
229









































Figure 6.49.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 0.50 s, η = 0.2, and 5% of Viscous Damping
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Figure 6.50.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 0.50 s, η = 0.2, and 10% of Viscous Damping
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Figure 6.51.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 0.50 s, η = 0.2, and 20% of Viscous Damping
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Figure 6.52.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 0.50 s, η = 0.2, and 30% of Viscous Damping
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Figure 6.53.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 0.50 s, η = 1.0, and 5% of Viscous Damping
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Figure 6.54.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 0.50 s, η = 1.0, and 10% of Viscous Damping
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Figure 6.55.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 0.50 s, η = 1.0, and 20% of Viscous Damping
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Figure 6.56.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 0.50 s, η = 1.0, and 30% of Viscous Damping
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Figure 6.57.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 1.50 s, η = 0.2, and 5% of Viscous Damping
238











































Figure 6.58.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 1.50 s, η = 0.2, and 10% of Viscous Damping
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Figure 6.59.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 1.50 s, η = 0.2, and 20% of Viscous Damping
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Figure 6.60.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 1.50 s, η = 0.2, and 30% of Viscous Damping
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Figure 6.61.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 1.50 s, η = 1.0, and 5% of Viscous Damping
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Figure 6.62.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 1.50 s, η = 1.0, and 10% of Viscous Damping
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Figure 6.63.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 1.50 s, η = 1.0, and 20% of Viscous Damping
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Figure 6.64.  Complex Plane Representation of Inertial Force, Fi, Viscous Damper Force,
Fd, and Hysteretic Force, Fs, for T = 1.50 s, η = 1.0, and 30% of Viscous Damping
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Figure 6.65.  Increase in the Inertial Force between a System with 5% and a System with
30% of Viscous Damping, for T = 0.25 s and η = 0.2
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Figure 6.66.  Increase in the Inertial Force between a System with 5% and a System with
30% of Viscous Damping, for T = 0.25 s and η = 1.0
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Figure 6.67.  Increase in the Inertial Force between a System with 5% and a System with
30% of Viscous Damping, for T = 0.50 s and η = 0.2
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Figure 6.68.  Increase in the Inertial Force between a System with 5% and a System with
30% of Viscous Damping, for T = 0.50 s and η = 1.0
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Figure 6.69.  Increase in the Inertial Force between a System with 5% and a System with
30% of Viscous Damping, for T = 1.50 s and η = 0.2
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Figure 6.70.  Increase in the Inertial Force between a System with 5% and a System with
30% of Viscous Damping, for T = 1.50 s and η = 1.0
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6.7. Observations
Seismic response of hybrid systems having hysteretic and viscous dampers has been
studied in this section through parametric analyses.  It was found that increases in viscous
damping reduce the effectiveness of hysteretic dampers, since the amplitude of motion
(and thus ductility demand) is reduced.  In some cases, when the amplitude of motion
decreases to the point where the system behave elastically, the hysteretic dampers only
work to provide additional stiffness to the system, which may be achieved by other
conventional methods (e.g., steel braces as apposed to special ductile devices).
Although viscous dampers are known to decrease both displacements and acceleration
demands in structures with elastic behavior, for structural fuse systems where hysteretic
dampers are designed to behave inelastically (i.e.,  Δya # u < Δyf), the floor accelerations
are likely to increase if viscous dampers are added in parallel to hysteretic dampers,
especially for systems with small stiffness ratio (i.e., α < 0.25).  Adding such viscous
dampers in parallel is therefore not only ineffective but detrimental to the seismic
performance of acceleration sensitive equipment and nonstructural components.  This
observation would also be true for buildings that have been retrofitted with viscous
dampers and whose original frame still behaves inelastically under major earthquakes. 





DESIGN OF MULTI DEGREE OF FREEDOM SYSTEMS WITH
METALLIC STRUCTURAL FUSES
7.1. Introduction
In Sections 3 and 4, the structural fuse concept was introduced as PED devices to
seismically design and retrofit SDOF systems.  Based on the results previously obtained,
this section focuses on the implementation of the structural fuse concept in multi-degree
of freedom (MDOF) systems.  However, some modification are made to the procedure
listed in Section 4, in order to apply the concept to multi-story buildings using BRB, T-
ADAS, and SP as metallic fuses.
Some examples of application are presented using the MCEER Demonstration Hospital,
described by Yang et al. (2002), as the system to be either designed or retrofitted with
metallic fuses.  Figure 7.1 shows one of the transverse moment-resisting frames of the
MCEER Demonstration Hospital, which is a four-story building modeled in this study
considering the masses lumped at floor levels.  It may be noted that, for the purpose of
this study, the damping system (i.e., metallic dampers and braces) is considered installed
only in the middle panel of the frame, in a chevron configuration (shown as dashed lines
in Figure 7.1).
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Figure 7.1.  Elevation of MCEER Demonstration Hospital Transverse Frame
(Adapted from Yang et al., 2002)
7.2. Design for a Specified Set of Parameters
A general procedure to design SDOF systems with metallic structural fuses was
presented in Section 4.  In this section, two modifications are introduced to the
procedure, to make it applicable to MDOF systems: modification of the elastic period
limit equation, and introduction of assumed mode shapes to establish the required story





7.2.1. Elastic limit period for MDOF Systems
In Step 2 of the procedure listed in Section 4.3, the elastic period limit, TL, was
determined using (3.30), which in the case of MDOF systems should be modified as
follows:
where Δar is the allowable displacement of the roof, taken as a percentage of the building
height (usually between 0.5% and 2%), φr1 is the first mode component of the roof
displacement, and Γ1 is the modal participation factor of the first mode, calculated as:
where M is the known mass matrix, φ1 is the vector corresponding to the first mode
shape, and is a vector of unit values, which represents a rigid body motion of the
system due to horizontal ground excitation.
Note that, to determine the modal participation factor, Γ1, a mode shape, φ1, should be
assumed.  Many approaches have been proposed to select appropriate mode shapes, and
obtain “reasonable” estimation of system dynamic characteristics (Clough and Penzien,
1993).  In this study, a linear mode shape is assumed, where every “j” component of the
vector is calculated by:
where hj and hr are the height measured from the base of the corresponding floor, and the
height of the roof, respectively.  Recall that to implement the equivalent lateral force
procedure, the International Building Code (IBC-2000) uses the following expression to
determine the vertical distribution factor, Cvx, for the seismic forces:
256
(7.4)
where wx and wi are the floors gravity loads, and k is a period-dependent exponent to
account for higher modes contribution.  For expediency, (7.3) is used in this study since it
showed to be sufficiently accurate to determine the system dynamic properties. 
Figure 7.2a shows the mode shapes corresponding to all the cases studied in this section
(36 in total).  Furthermore, Figure 7.2b shows a comparison between (7.3) and (7.4) with
the average of the actual mode shapes obtained from modal analysis.  Note that Figure
7.2b shows good agreement between the linear assumption and the actual mode shape of









































Figure 7.2.  Mode Shapes: (a) All Studied Cases; (b) Comparison of Mode Shapes




7.2.2. Story yield shear
Once the elastic limit period, TL, has been determined, the procedure may be followed to
calculate the required story yield shear, Vy, for a given set of target parameters (i.e., α,
μmax, and η).  In Fig 3.2, it was shown that, for SDOF systems, Vy can be expressed in
terms of the required base shear capacity for the frame, Vyf, and the damping system, Vyd,
respectively, as follows:
and
Here, these specific shears are vertically distributed through the height of the building,
using a vertical distribution function proportional to the assumed mode shape, φ1. 
Therefore, this makes it possible to design the frame and the metallic dampers for Vyf and
Vyd, respectively.  Further discussion on how to determine the shape of the lateral force
distribution in the perspective of nonlinear response can be found in Reinhorn (1997),
where general and simplified force distributions are presented.  In the design procedure
developed in this investigation, the approximation of the mode shape is based on the
observations presented in the study by Reinhorn (1997).
7.2.3. Design Steps
The procedure listed below shows how satisfactory designs for new construction can be
obtained for a MDOF system with given geometry, for given mass matrix and yield
strength of beams and columns, and for given seismic conditions. 
Step 1.  Preliminary design the beams and columns neglecting the contribution of the
structural fuse and using the portal frame method (i.e., assuming that inflection
points are at the middle of members, and that exterior columns receive half of the
frame story shear, Vyf, corresponding to interior columns).
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Step 2.  Design the metallic dampers and braces for each story, using the vertically
distributed story shear associated with the damping system, Vyd.
Step 3.  Determine the actual parameters (i.e., α, μmax, and η) for the designed system
from a static pushover analysis, conducted using a load pattern proportional to
φ1.
Step 4. Solve the dynamic eigenvalue problem, and obtain the fundamental period of
vibration of the structure, T.  
Step 5. Evaluate the response of the system either by performing time history analysis,
or directly from Figures 3.8 and 3.9.
Step 6. If the structural fuse concept is not satisfied, increase frame and damper stiffness
and strength (i.e., greater Kf, Vyf, Kd, and Vyd) to improve the system seismic
behavior, and repeat the procedure from Step 3, until a satisfactory response is
achieved.  For example, if the story drift limit is not satisfied, the system should
be stiffened (i.e., greater Kf and Kd).  On the other hand, if the frame undergoes
inelastic deformations (i.e., μf > 1), the system should be strengthened (i.e.,
greater Vyf and Vyd).
For retrofit existing structures, bare frame properties (i.e., Kf, Vyf, and Δyf) may be
determined by performing a static pushover analysis of the existing system.  Accordingly,
the stiffness ratio, α, the required stiffness, K1, and the elastic period, T, may be
calculated using (4.57), (4.58), and (4.59), respectively.  Recall that restrictions listed in
Section 4 for SDOF systems, apply again to the retrofit of MDOF buildings.
Subsequent sections present several examples of how the structural fuse concept can be
applied to design and retrofit MDOF systems.  Furthermore, two specific step-by-step
examples are shown in Appendix C, to illustrate the process of implementing the
structural fuse concept in MDOF systems.
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7.3. New Buildings Design Examples
Figure 7.1 shows one of the four transverse moment-resisting frames of the MCEER
Demonstration Hospital, which is used in this study as a model for the examples of
application of the structural fuse concept to MDOF systems.  The mass matrix for this
frame (adapted from Yang et al., 2000) is equal to:
Using (7.3), the corresponding mode shape vector is:
The elastic period limit, TL, and the modal participation factor, Γ1, are obtained from (7.1)
and (7.2), respectively.  In this particular case, TL = 1.58 s, and Γ1 = 1.37, which
correspond to an allowable story drift of 2% (i.e., Δar = 311 mm).
Actual designs for new construction were first conducted using BRB, T-ADAS, and SP
as metallic fuses, following the procedure listed in Section 4.3, modified for MDOF
systems as described in Section 7.2.  A total of 12 designs were developed for every
metallic fuse system studied in this section to match as closely as possible the target
parameters α, μmax, and η.  Note that target η values are taken from Table 4.1 for a given
set of α, μmax and TL.
Tables 7.1, 7.2, and 7.3 list the properties of the resulting designs conducted for MDOF
systems having BRB, T-ADAS, and SP devices acting as metallic fuses, respectively.  It
may be noted that frame and metallic fuses cross-sectional properties vary in the same
way as in SDOF systems.  This is because frame base shear capacity is proportional to
both α and μmax values, while damping system base shear capacity is inversely
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proportional to both α and μmax values.  In the case of BRB’s (Table 7.1), it may be seen
how the area of the braces decreases with increases in α and μmax values.  For example,
the cross-sectional properties of BRB’s in the first story decrease from 191 x 51 mm =
9741 mm2 (for α = 0.05 and μmax = 1.67) to 102 x 51 mm = 5202 mm2 (for α = 0.25 and











































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Pushover analysis was conducted for each of the resulting design, and corresponding
pushover curves for each MDOF system are shown in Figures 7.3 to 7.5, which show
good correlation between target and actual results.  This indicates that pushover curves
depicted in Figure 3.3, can yet be used to adequately design MDOF structural fuse
systems.  However, although the yield point and maximum strength are often (not
always) well predicted in MDOF, the actual pushover curve is not perfectly tri-linear
because all structural fuses do not yield simultaneously.  Some of these differences
between target and actual parameters are shown in Figures 7.3 to 7.5.  For example, one
of the cases with a large discrepancy is for α = 0.05 and μmax = 1.67 in Figure 7.5.  This is
due to the difficulty in design of matching the target α and μmax in those cases, as
explained below.
Actual parameters and seismic response of the designed systems are presented in
Tables 7.4 to 7.9, tabulated with respect to the target parameters.  Note that η is generally
closely matched in all studied cases.  The reason for this, is that the frame and damping
system elements are directly designed to match the required yield base shear, Vy. 
However, it may be seen that other target parameters like α and μmax are more difficult to
meet.  Furthermore, seismic response parameters (i.e., μf, μ, R, , Ωo, Wt, and ρ) are
also shown in Tables 7.4 to 7.9.  These results indicate that the observations made in
Section 4 for these parameters in SDOF cases, apply as well to MDOF systems.
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Figure 7.3.  Pushover Curves of MODF Systems Designed with BRB
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Figure 7.4.  Pushover Curves of MODF Systems Designed with T-ADAS
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Hysteresis loops of story shear versus drift are shown for all the systems in Figures 7.6 to
7.17.  Note that the hysteresis loops in all cases are consistent with the schematic
pushover curves depicted in Figure 3.3.  The bilinear character of the loops indicates that
the elastic behavior of the frame structure to be protected by the structural fuses is not
exceeded (i.e., plastic plateau is not reached), which is also indicated by the tabulated
results for μf.  These figures also show that MDOF systems with BRB, T-ADAS, and SP
devices have similar behavior, which was a desirable outcome since they all have been
designed under the same target parameters (i.e., none of the studied systems can be
considered better than the others based on hysteretic response only).
Finally, energy dissipated throughout the action of hysteretic and inherent viscous
damping is presented in Figures 7.18 to 7.20.  It may be seen that metallic dampers are
more effective in terms of energy dissipation, for systems designed with large values of
μmax (i.e., large capacity to undergo inelastic deformations without exceeding the elastic
behavior of the frames’ beams and columns).
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Figure 7.6.  First Story Shear vs Drift of MDOF Systems Designed with BRB
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Figure 7.7.  Second Story Shear vs Drift of MDOF Systems Designed with BRB
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Figure 7.8.  Third Story Shear vs Drift of MDOF Systems Designed with BRB
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Figure 7.9.  Fourth Story Shear vs Drift of MDOF Systems Designed with BRB
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Figure 7.10.  First Story Shear vs Drift of MDOF Systems Designed with T-ADAS
277














































































-100 -50 0 50 100
Figure 7.11.  Second Story Shear vs Drift of MDOF Systems Designed with T-ADAS
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Figure 7.12.  Third Story Shear vs Drift of MDOF Systems Designed with T-ADAS
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Figure 7.13.  Fourth Story Shear vs Drift of MDOF Systems Designed with T-ADAS
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Figure 7.14.  First Story Shear vs Drift of MDOF Systems Designed with SP
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Figure 7.15.  Second Story Shear vs Drift of MDOF Systems Designed with SP
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Figure 7.16.  Third Story Shear vs Drift of MDOF Systems Designed with SP
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Figure 7.17.  Fourth Story Shear vs Drift of MDOF Systems Designed with SP
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Figure 7.18.  Energy of MDOF Systems Designed with BRB
285

































































Figure 7.19.  Energy of MDOF Systems Designed with T-ADAS
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Figure 7.20.  Energy of MDOF Systems Designed with SP
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7.4. Retrofit Design Examples
Based on the geometry of the MCEER Demonstration Hospital, a bare frame has been
arbitrarily selected to be retrofitted using BRB, T-ADAS, and SP devices in order to
satisfy the structural fuse concept.  The “existing” frame properties are presented in Table
7.10, along with the metallic dampers properties used in the retrofit process.  For
illustration purposes, the mass matrix and the mode shape used in the design examples
for new construction are again used in this section.
Time history analysis performed for the bare frame indicates that the system maximum
story drift is 2.5%, which is greater than the allowable story drift of 2% used in this
study.  Furthermore, the frame is subjected to a ductility demand of about 2, which
implies some damage to the main structure due to inelastic rotations in plastic hinges (or
fracture of pre-Northridge beam-to-column welded connections), during an earthquake
compatible to the design spectrum.  Using BRB, T-ADAS, and SP devices as metallic
fuse systems, the existing frame is retrofitted in subsequent examples to improve its
seismic performance, and also to satisfy the structural fuse concept.
Properties of the existing frame are: Vyf = 1067 kN, Δyf = 155 mm (roof displacement),
and Kf = 6.88 kN/mm (total base shear divided by roof displacement), and considered
constant for all retrofits considered in this parametric study.  The elastic limit period, TL,
is determined as the smallest value between (4.59) and (7.1) (i.e., TL = 1.09 s for a story
drift limit of 2%).  Note that from Table 4.1, many sets of η and μmax values can be
selected to provide a response in the region of admissible solutions, for a given elastic
period limit (i.e., 1.09 s in this case).  As described in Section 4.3, for this elastic period
limit (i.e., 1.09 s), it is preferable to select η # 0.2 and μmax $ 5.  Here, many different
combinations are considered for proof of concept purposes.
Results of the retrofit examples are presented in Tables 7.10 to 7.12.  Pushover curves of
the retrofitted systems are presented in Figure 7.21, where generally good agreement
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between target and actual response may be seen.  Hysteresis loops and energy dissipation
plots are also presented in Figures 7.22 to 7.26.
The tabulated results and illustrations indicate that all the observations previously made
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Figure 7.21.  Pushover Curves of MODF Systems Retrofitted with Structural Fuses
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Figure 7.22.  First Story Shear vs Drift of MDOF Systems Retrofitted with Structural
Fuses
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Figure 7.23.  Second Story Shear vs Drift of MDOF Systems Retrofitted with Structural
Fuses
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Figure 7.24.  Third Story Shear vs Drift of MDOF Systems Retrofitted with Structural
Fuses
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Figure 7.25.  Fourth Story Shear vs Drift of MDOF Systems Retrofitted with Structural
Fuses
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Figure 7.26.  Energy of MDOF Systems Retrofitted with Structural Fuses
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7.5. Observations
Examples of new construction designs and retrofit of existing structures using BRB, T-
ADAS, and SP systems have been presented for the same set of α, μmax, and η values,
consistently considered throughout this study.  The designs obtained from this parametric
study indicate that the modifications to the general procedure listed in Section 4, and
introduced in this section to expand the application of the structural fuse concept from





The structural fuse concept has been studied in this report, using metallic dampers as
passive energy dissipation devices designed to enhance the resilience of new and existing
structures, by reducing seismically induced structural damage.  In the perspective of
resilience as the ability of a system to recover from damage (Bruneau et al., 2003),
metallic dampers have been defined to be structural fuses when the system is designed
such that all seismic damage is concentrated on easy-to-replace devices, allowing the
primary structure to remain elastic.  Self-recentering capabilities of the structure (i.e.,
elastic behavior of beams and columns), and replaceability of the metallic dampers
(hence the “fuse” analogy) are the main features that define the structural fuse concept
used here. Structural fuses are, therefore, an alternative to improve the resilience of
structures by increasing the seismic capacity of a system and reducing the time to
recovery after a major earthquake.
Through a parametric study the structural fuse concept has been investigated, considering
the behavior of nonlinear SDOF systems subjected to seismic ground motions.  Results
were presented in dimensionless charts showing as shaded areas the range of admissible
solutions that satisfy the structural fuse concept.  From the results of the parametric
analysis, it was noted that systems having large ductility capacity (i.e., μmax $ 5) offer a
broader choice of acceptable designs over a greater range of the strength-ratio, η.
Based on the results obtained from dimensionless charts, a general design procedure is
proposed to design SDOF systems using BRB, T-ADAS, or SP devices as examples of
metallic structural fuses.  A similar procedure was proposed also to retrofit an existing
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structure, by introducing some modifications to the basic procedure to account for the
fact that, in addition to other constraints, the bare frame properties of the existing
structure are fixed in that case.  The alternative of modifying the system original
properties (e.g., by reinforcing or weakening beams and columns as part of the retrofit
concept) was considered out of the scope of this study.  Examples of the procedure were
presented for new construction designs, and retrofitting of existing structures.  From
these examples, it was noted that systems having small stiffness ratio and large ductility
capacity (i.e., 0.25 # α < 0.50 and μmax $ 5) exhibited the best seismic performance. 
Furthermore, it is important to emphasize that the design procedure presented in this
study was developed to satisfy the structural fuse concept for earthquakes that do not
exceed the level of design specifications.  However, it is recommended to use target
design spectra at maximum credible earthquake level (e.g., 2% of probability of being
exceeded in 50 years) to reduce the probability of exceeding the design level, due to the
high variability of earthquake records.
Floor demands of SDOF systems designed or retrofitted with metallic structural fuses
were studied to analyze how they affect the seismic behavior of nonstructural
components.  Floor velocity and acceleration were obtained from a parametric analysis,
and comparisons were made between the floor response of bare frames and the floor
response of systems with metallic fuses.  It was found that, in most of the cases, floor
acceleration increases when metallic fuses are introduced to the system. Based on the
velocity and acceleration spectra developed from the floor time history response, it was
found that a critical period, Tc, can be used to identify when using metallic fuses can
increase or decrease the dynamic acceleration and velocity response of nonstructural
components.  In this analysis, Tc is defined as the period where the floor acceleration
spectra corresponding to the bare frame and the structural fuse system both intersect.
With the objective of reducing floor accelerations, the use of viscous dampers acting in
parallel with metallic dampers was investigated.  Parametric analyses were conducted
and hysteretic damping and spectral acceleration results were presented for short,
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intermediate, and long period structures.  Although in structures with elastic behavior,
displacements and acceleration demands both decrease when viscous dampers are added,
in systems having hysteretic dampers designed to behave inelastically it was found that
the floor accelerations are likely to increase if viscous dampers are added in parallel to
hysteretic dampers, especially for systems with small stiffness ratio (i.e., α < 0.25).  It
was also noted that increases in viscous damping reduce the effectiveness of hysteretic
dampers, since the amplitude of motion (and thus ductility demand) is reduced. 
Therefore, adding viscous dampers to these systems seems to be not only ineffective in
reducing floor accelerations, but also detrimental in most of the cases.
The structural fuse concept was also expanded from SDOF to MDOF systems by
introducing some modification to the presented design / retrofit procedure.  Examples
were presented using the MCEER Demonstration Hospital as a system model to be either
designed or retrofitted with metallic fuses in MDOF systems.  Results indicate that the
application of the structural fuse concept in MDOF buildings can give satisfactory system
performance (as in SDOF cases).
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APPENDIX A




Elastic Spectral Displacement: Sd Δa:= Sd 3 in=
Step 2: Elastic Period Limit: TL max
4 π2⋅
SD1⎛⎝ ⎞⎠ Sd1sec⋅ 2 π⋅ SdSDS⋅,⎡⎣ ⎤⎦:= TL 0.53 sec=
Elastic Spectral Acceleration: Sa min
SD1
TL
1⋅ sec SDS,⎛⎝ ⎞⎠:= Sa 1.097 g=
Elastic Base Shear: Ve m Sa⋅:= Ve 846.79 kip=
Step 3: Design Parameters (Table 1):
Target Design Parameters: α 0.25:= μmax 5:= η 0.4:=
Ωo α μmax 1−( )⋅ 1+:= Ωo 2=
Step 4: Yield Shear: Vy η m⋅ ügmax⋅:= Vy 160.61 kip=
Shear Capacity: Vp Ωo Vy⋅:= Vp 321.23 kip=
Example A-1: Design to Satisfy the Structural Fuse Concept
of One Bay One Story Frame with Buckling-Restrained Braces
Frame Dimensions:
High: H 12.5 ft⋅:= Width: L 16 ft⋅:=
Corresponds to 8" of concrete slab on steel deck, and





Fyf 50 ksi⋅:= E 29000 ksi⋅:= G 11200 ksi⋅:=
Site: Sherman Oaks, California (Lat.=34.154, Long.=-118.465), Site Class B
Ss 1.95 g⋅:= S1 0.87 g⋅:= Fa 1:= Fv 1:=
SMS 1.95 g= SM1 0.87 g=
SDS 1.3g= SD1 0.58 g=
Peak Ground Acceleration: ügmax 0.4 SDS⋅:= ügmax 0.52 g=
Step 1: Allowable Story Drift: Δa 0.02 H⋅:=
315
W12x190 ZB 311 in
3⋅:= IB 1890 in
4⋅:=







:= IC 2551.18 in
4=
Select Column: W14x211 ZC 390 in
3⋅:= IC 2660 in
4⋅:=
Required Braces Area: Ab
Ka L⋅
4 E⋅ cos θ( )( )3⋅
:= Ab 2.237 in
2=
Select Braces Area (Plate): Ab 2.25 1.0⋅ in
2⋅:= Ab 2.25 in
2=
Required Steel Yield Strength for the Braces: Fyd
Vya
2 Ab⋅ cos θ( )⋅
:= Fyd 49.66 ksi=
Fyd 50 ksi⋅:=Select Steel Yield Strength for the Braces:


















:= Δyf 2.87 in=

















Step 6: SF Yield Displacement: Δya
Vy
K1
:= Δya 0.57 in=
BF Yield Displacement: Δyf μmax Δya⋅:= Δyf 2.85 in=
Step 7: BF Shear Capacity: Vyf Kf Δyf⋅:= Vyf 200.77 kip=
SF Shear Capacity: Vya Ka Δya⋅:= Vya 120.46 kip=
Step 8: Required Beam Plastic Modulus: ZB
Vyf H⋅
2Fyf













⋅:= μ f 0.73=
Global Ductility: μ μmax μ f⋅:= μ 3.68=
Step 11: Design Parameters: Vy Kf Δya⋅ Vya+:= Vy 162.38 kip=







1⋅ sec SDS,⎛⎝ ⎞⎠:= Sa 1.1021 g=
Ve m Sa⋅:= Ve 851 kip=














































⋅:= T 0.53 sec=
Step 10: Time History Analysis Results:
Frame Ductility: μ f 0.86:=





Elastic Spectral Displacement: Sd Δa:= Sd 3 in=
Step 2: Elastic Period Limit: TL max
4 π2⋅
SD1⎛⎝ ⎞⎠ Sd1sec⋅ 2 π⋅ SdSDS⋅,⎡⎣ ⎤⎦:= TL 0.53 sec=
Elastic Spectral Acceleration: Sa min
SD1
TL
1⋅ sec SDS,⎛⎝ ⎞⎠:= Sa 1.097 g=
Elastic Base Shear: Ve m Sa⋅:= Ve 846.79 kip=
Step 3:  Design Parameters (Table 1):
Target Design Parameters: α 0.25:= μmax 1.67= η 1.0:=
Ωo α μmax 1−( )⋅ 1+:= Ωo 1.17=
Step 4: Yield Shear: Vy η m⋅ ügmax⋅:= Vy 401.53 kip=
Shear Capacity: Vp Ωo Vy⋅:= Vp 468.45 kip=
Example A-2: Design to Satisfy the Structural Fuse Concept
of One Bay One Story Frame with Buckling-restrained Braces
Frame Dimensions:
High: H 12.5 ft⋅:= Width: L 16 ft⋅:=
Corresponds to 8" of concrete slab on steel deck, and





Fyf 50 ksi⋅:= E 29000 ksi⋅:= G 11200 ksi⋅:=
Site: Sherman Oaks, California (Lat.=34.154, Long.=-118.465), Site Class B
Ss 1.95 g⋅:= S1 0.87 g⋅:= Fa 1:= Fv 1:=
SMS 1.95 g= SM1 0.87 g=
SDS 1.3g= SD1 0.58 g=
Peak Ground Acceleration: ügmax 0.4 SDS⋅:= ügmax 0.52 g=
Step 1: Allowable Story Drift: Δa 0.02 H⋅:=
319
W24x94 ZB 254 in
3⋅:= IB 2700 in
4⋅:=







:= IC 2026.09 in
4=
Select Column: W14x176 ZC 320 in
3⋅:= IC 2140 in
4⋅:=
Required Braces Area: Ab
Ka L⋅
4 E⋅ cos θ( )( )3⋅
:= Ab 2.237 in
2=
Select Braces Area (Plate): Ab 2.25 1.0⋅ in
2⋅:= Ab 2.25 in
2=
Required Steel Yield Strength for the Braces: Fyd
Vya
2 Ab⋅ cos θ( )⋅
:= Fyd 124.15 ksi=
Fyd 70 ksi⋅:=Select Steel Yield Strength for the Braces:


















:= Δyf 2.31 in=

















Step 6: SF Yield Displacement: Δya
Vy
K1
:= Δya 1.42 in=
BF Yield Displacement: Δyf μmax Δya⋅:= Δyf 2.37 in=
Step 7: BF Shear Capacity: Vyf Kf Δyf⋅:= Vyf 167.3 kip=
SF Shear Capacity: Vya Ka Δya⋅:= Vya 301.15 kip=
Step 8: Required Beam Plastic Modulus: ZB
Vyf H⋅
2Fyf













⋅:= μ f 0.8=
Global Ductility: μ μmax μ f⋅:= μ 2.31=
Step 11: Design Parameters: Vy Kf Δya⋅ Vya+:= Vy 228.17 kip=







1⋅ sec SDS,⎛⎝ ⎞⎠:= Sa 1.1041 g=
Ve m Sa⋅:= Ve 852.57 kip=














































⋅:= T 0.53 sec=
Step 10: Time History Analysis Results:
Frame Ductility: μ f 1.07:=





Required Steel Yield Strength for the Braces: Fyd
Vya
2 Ab⋅ cos θ( )⋅
:= Fyd 42.33 ksi=
Fyd 70 ksi⋅:=Select Steel Yield Strength for the Braces:































:= Δya 0.8 in=
Try to adjust μmax and η by changing frame and damper properties:
Step 8: Required Beam Plastic Modulus: ZB
Vyf H⋅
2Fyf
:= ZB 247.14 in
3=
Select Beam: W21x68 ZB 160 in
3⋅:= IB 1480 in
4⋅:=







:= IC 3353.83 in
4=
Select Column: W12x279 ZC 481 in
3⋅:= IC 3110 in
4⋅:=
Required Braces Area: Ab
Ka L⋅
4 E⋅ cos θ( )( )3⋅
:= Ab 2.247 in
2=
Select Braces Area (Plate): Ab 3.75 1.0⋅ in
2⋅:=
322
μ μmax μ f⋅:= μ 2.09=
Step 11: Design Parameters: Vy Kf Δya⋅ Vya+:= Vy 337.53 kip=







1⋅ sec SDS,⎛⎝ ⎞⎠:= Sa 1.3g=
Ve m Sa⋅:= Ve 1003.83 kip=

































⋅:= T 0.43 sec=
Step 10: Time History Analysis Results:
Frame Ductility: μ f 1.00:=
Global Ductility: μ μmax μ f⋅:= μ 1.96=
Approximate Results:















MATHEMATICAL DERIVATION OF EQUATIONS 6.3 AND 6.4
The energy dissipated per cycle by a bilinear structural frame, Ehf, may be determined
from Ramirez et al. (2000) by calculating the area within the hysteresis loop at the
maximum displacement (see Figure B.1a),  which is equal to:
where A and D are the maximum acceleration and displacement of the system,
respectively, and A1, A2, and A3 are the shaded areas in Figure B.1a that need to be
subtracted from 2 m A D to obtain the area of half of the hysteresis loop.  Substituting the
geometric values of A1, A2, and A3, (B.1) can be written as:
where Ay and Dy are the acceleration and displacement corresponding to the yield point of
the structural frame, respectively (see Figure B.1a).  Note that (B.2) can be further
simplified as:
To account for the effects of stiffness degradation, Ramirez et al. (2000) multiply the area
of the hysteresis loop by a reduction factor (a.k.a. quality factor), qh, which is equal to 1.0



















2m A Ay( )−
2Dy( )D Dy− 2




Figure B.1.  Behavior of Bilinear Hysteretic System; a) Structural Frame, b) Yielding
Damping Devices, c) Equivalent Viscous Damping Device, d) Total System (Adapted
from Ramirez et al., 2000)
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Likewise, the energy dissipated per cycle by a metallic damper, Ehd, may be determined
as the area within the hysteresis loop of a yielding damping devices (as shown in
Figure B.1b), which is equal to:
where Ad is the acceleration corresponding to the yield point of the metallic damper, and
A4 is the shaded area in Figure B.1b that need to be subtracted from 2 m Ad D to obtain
the area of half of the hysteresis loop.  Substituting the geometric value of A4, (B.5) can
be written as:
where Dyd is the displacement corresponding to the yield point of the metallic damper. 
Note that (B.6) can be further simplified as:
The total energy dissipated hysteretically, Eh, can be calculated by adding (B.4) and
(B.7), which gives:
Furthermore, the total hysteretic energy can be transformed to an equivalent viscous
energy, Ev, by equating Eh to the area within the ellipse of a viscous damper (as shown in
Figure B.1c), which is equal to:
where ceq is the equivalent viscous damping coefficient, and ωeff is the effective frequency
of the system.  Knowing that ceq = 2 m ωeff ξh, (B.9) can be written as:











damping).  Note that m ωeff 2 is equal to the effective stiffness, Keff, which can be
calculated from Figure B.1d as the secant stiffness of the total system at the maximum
displacement, defined as:
Substituting (B.11) into (B.10) gives:
Equating (B.8) and (B.12), and solving for ξh gives:
which the expression used by Ramirez et al. (2000) to determine the equivalent damping
ratio of a hysteretic system.
Knowing that A / Ay = 1 for an elasto-plastic structural frame, (B.13) may be written as:
It may noted that (B14) may be expressed in terms of the ductility of the metallic damper
and the ductility of the bare frame, μd and μf, respectively (i.e., μd = D / Dyd, and








Note that the ductility of the  metallic damper, μd is equal to the global ductility, μ, in this
study (i.e., μd = μ).  According to Figure 3.2, Ad and Ay can be defined, respectively, as:
Substituting μd = μ, and (B.16) and (B.17) into (B.15), gives (6.3) used in this study:
where Vyd and Vyf are the yield capacity of the metallic damper and the bare frame,
respectively, which may be determined from Figure 3.2 as:







EXAMPLES OF DESIGN AND RETROFIT OF MDOF SYSTEMS 
WITH BUCKLING-RESTRAINED BRACES

G 77240 MPa⋅:= Fyd 248 MPa⋅:=
Site: Sherman Oaks, California (Lat.=34.154, Long.=-118.465), Site Class B
Ss 1.95 g⋅:= S1 0.87 g⋅:= Fa 1:= Fv 1:=
SMS 1.95 g= SM1 0.87 g=
SDS 1.3g= SD1 0.58 g=
Peak Ground Acceleration: ügmax 0.4 SDS⋅:= ügmax 0.52 g=
Step 1: Allowable Roof Displacement: Δa 0.02 H⋅:= Δa 311 mm=
Elastic Spectral Displacement: Sd Δa:= Sd 311 mm=





⋅:= TL 1.58 sec=
Elastic Spectral Acceleration: Sa min
SD1
TL
1⋅ sec SDS,⎛⎝ ⎞⎠:= Sa 0.368 g=
Example C-1: Design to Satisfy the Structural Fuse Concept
of MDOF System with Buckling-restrained Braces
Frame Properties:
Building High: H 15545 mm⋅:= Panel Width: L 7468 mm⋅:=




















































Story high: h1 4115mm:= h2 3810mm:= h3 3810mm:= h4 3810mm:=
Bay Length: L1 4877mm:= L2 7468mm:= L3 4877mm:=
Material Properties:






Step 6: SF Yield Displacement: Δya
Vy
K1
:= Δya 64 mm=
BF Yield Displacement: Δyf μmax Δya⋅:= Δyf 321 mm=
Step 7: BF Shear Capacity: Vyf Vy α⋅ μmax⋅:= Vyf 1414 kN=
SF Shear Capacity: Vya Vy 1 α−( )⋅:= Vya 848 kN=
Step 8: Vertical Distribution of BF and SF Base Shear:




















BF Story Shear: Vyf1 1414 kN= Vyf2 1268 kN=
Vyf3 982 kN= Vyf4 561 kN=
Elastic Base Shear: Ve mt Sa⋅:= Ve 4001 kN=
Step 3: Design Parameters (Table 1):
Target Design Parameters: α 0.25:= μmax 5:= η 0.2:=
Ωo α μmax 1−( )⋅ 1+:= Ωo 2=
Step 4: Yield Shear: Vy η mt⋅ ügmax⋅:= Vy 1131 kN=
Shear Capacity: Vp Ωo Vy⋅:= Vp 2262 kN=


















:= ZB4 516320 mm
3=
Exterior Columns Moments: MEC1 Vyf1 h1⋅
1
12












⋅:= MEC4 178 kN m⋅=
Required Exterior Columns Plastic Modulus: ZEC1
MEC1
Fyf















:= ZEC4 516320 mm
3=
SF Story Shear: Vya1 848 kN= Vya2 761 kN=
Vya3 589 kN= Vya4 337 kN=
Beams Moments: MB1 Vyf2 h2⋅ Vyf1 h1⋅+( ) 112⋅:= MB1 887 kN m⋅=
MB2 Vyf3 h3⋅ Vyf2 h2⋅+( ) 112⋅:= MB2 714 kN m⋅=




⋅:= MB4 178 kN m⋅=
Required Beams Plastic Modulus: ZB1
MB1
Fyf















Fourth Floor:         W12x22 Zb4 480141 mm
3=
Select Exterior Columns
First and Second Story:           W14x61 Zec12 1671481 mm
3=
Third and Fourth Floor:             W14x34 Zec34 894734 mm
3=
Select Interior Columns
First and Second Story:           W14x99 Zic12 2834962 mm
3=
Third and Fourth Floor:             W14x68 Zic34 1884512 mm
3=
Required Unbonded Braces Area:
First Story: Abr1
Vya1
2 Fyd⋅ cos θ1( )⋅




2 Fyd⋅ cos θ2( )⋅




2 Fyd⋅ cos θ3( )⋅
:= Abr3 1697 mm
2=
Interior Columns Moments: MIC1 Vyf1 h1⋅
1
6












⋅:= MIC4 356 kN m⋅=
Required Exterior Columns Plastic Modulus: ZIC1
MIC1
Fyf















:= ZIC4 1032640 mm
3=
Select Beams:
First Floor:           W21x68 Zb1 2621930 mm
3=
Second Floor:       W21x57 Zb2 2113931 mm
3=
Third Floor:           W16x45
336
Vya 865 kN= Δya 41 mm=






















Period from Dynamic Analysis: T 0.975sec:=
Step 10: Time History Analysis Results:
Frame Ductility: μ f 0.678:=
Global Ductility: μ μmax μ f⋅:= μ 3.18=
Approximate Results:









⋅:= μ f 1.04=
Fourth Story: Abr4
Vya4
2 Fyd⋅ cos θ4( )⋅
:= Abr4 970 mm
2=
Select Unbonded Braces Properties:
First Story: b1 144mm:= t1 19mm:= Ab1 b1 t1⋅ 2736 mm
2⋅→:=
Second Story: b2 114mm:= t2 19mm:= Ab2 b2 t2⋅ 2166 mm
2⋅→:=
Third Story: b3 89mm:= t3 19mm:= Ab3 b3 t3⋅ 1691 mm
2⋅→:=
Fourth Story: b4 51mm:= t4 19mm:= Ab4 b4 t4⋅ 969 mm
2⋅→:=
Step 9: Pushover Analysis:
Frame Properties: Kf 6.73
kN
mm
= Vyf 1279 kN= Δyf 190 mm=

















Vp 2144 kN=Vp Vyf Vya+:=
Ve 6470 kN=Ve mt Sa⋅:=
Sa 0.5949 g=Sa min
SD1
T
1⋅ sec SDS,⎛⎝ ⎞⎠:=
Design Parameters:Step 11:
μ 4.89=μ μmax μ f⋅:=Global Ductility:
338
Fyf 345 MPa⋅:= E 200000 MPa⋅:= G 77240 MPa⋅:= Fyd 345 MPa⋅:=
Site: Sherman Oaks, California (Lat.=34.154, Long.=-118.465), Site Class B
Ss 1.95 g⋅:= S1 0.87 g⋅:= Fa 1:= Fv 1:=
SMS 1.95 g= SM1 0.87 g=
SDS 1.3g= SD1 0.58 g=
Peak Ground Acceleration: ügmax 0.4 SDS⋅:= ügmax 0.52 g=
Existing Frame Properties:
Existing Beams:
First Floor:           W24x55 Zb1 2195867 mm
3=
Second Floor:       W21x50 Zb2 1802577 mm
3=
Third Floor:           W21x44 Zb3 1563326 mm
3=
Fourth Floor:         W18x40 Zb4 1284746 mm
3=
Example C-2: Retrofit of a MDOF System to Satisfy the Structural
Fuse Concept with Buckling-Restrained Braces
Frame Properties:
Building High: H 15545 mm⋅:= Panel Width: L 7468 mm⋅:=




















































Story high: h1 4115mm:= h2 3810mm:= h3 3810mm:= h4 3810mm:=




Elastic Base Shear: Ve mt Sa⋅:= Ve 4001 kN=
Step 3: Design Parameters (Table 1):
Target Design Parameters: μmax 5:= η 0.2:=
α min
Vyf




,⎛⎝ ⎞⎠:= α 0.19=
Ωo α μmax 1−( )⋅ 1+:= Ωo 1.75=
Step 4: Yield Shear: Vy η mt⋅ ügmax⋅:= Vy 1131 kN=
Shear Capacity: Vp Ωo Vy⋅:= Vp 1985 kN=
Step 5: Required Stiffness: K1 max





mt⋅,⎛⎝ ⎞⎠:= K1 36.49 kNmm=
Required Period: T min 2 π⋅
Δyf
η μmax⋅ ügmax⋅
⋅ TL,⎛⎝ ⎞⎠:= T 1.095 sec=
Existing Exterior Columns
First and Second Story:           W14x53 Zec12 1427313 mm
3=
Third and Fourth Floor:             W14x48 Zec34 1284746 mm
3=
Existing Interior Columns
First and Second Story:           W14x82 Zic12 2277802 mm
3=
Third and Fourth Floor:             W14x53 Zic34 1427313 mm
3=
Pushover Analysis: Kf 6.88
kN
mm
= Vyf 1067 kN= Δyf 155 mm=
Step 1: Allowable Roof Displacement: Δa 0.02 H⋅:= Δa 311 mm=
Elastic Spectral Displacement: Sd Δa:= Sd 311 mm=





⋅:= TL 1.58 sec=
Elastic Spectral Acceleration: Sa min
SD1
TL




2 Fyd⋅ cos θ4( )⋅
:= Abr4 754 mm
2=
Select Unbonded Braces Properties:
First Story: b1 102mm:= t1 19mm:= Ab1 b1 t1⋅ 1938 mm
2⋅→:=
Second Story: b2 89mm:= t2 19mm:= Ab2 b2 t2⋅ 1691 mm
2⋅→:=
Third Story: b3 70mm:= t3 19mm:= Ab3 b3 t3⋅ 1330 mm
2⋅→:=
Fourth Story: b4 38mm:= t4 19mm:= Ab4 b4 t4⋅ 722 mm
2⋅→:=
Step 9: UB Properties: Ka 16.58
kN
mm
= Vya 880 kN= Δya 53 mm=




Total Yield Shear: Vy Kf Δya⋅ Vya+:= Vy 1245 kN=




Step 6: SF Yield Displacement: Δya
Vy
K1
:= Δya 31 mm=
Step 7: SF Shear Capacity: Vya Vy 1 α−( )⋅:= Vya 918 kN=
Step 8: Vertical Distribution of SF Base Shear:










SF Story Shear: Vya1 918 kN= Vya2 823 kN=
Vya3 637 kN= Vya4 364 kN=
Required Unbonded Braces Area:
First Story: Abr1
Vya1
2 Fyd⋅ cos θ1( )⋅




2 Fyd⋅ cos θ2( )⋅




2 Fyd⋅ cos θ3( )⋅





Global Ductility: μ μmax μ f⋅:= μ 4.08=




1⋅ sec SDS,⎛⎝ ⎞⎠:= Sa 0.5361 g=
Ve mt Sa⋅:= Ve 5830 kN=






























Period from Dynamic Analysis: T 1.0819sec:=
Step 10: Time History Analysis Results:
Frame Ductility: μ f .893:=
Global Ductility: μ μmax μ f⋅:= μ 2.61=
Approximate Results:
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